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OUTLINE
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§ DDFT – Recap

§ Response to homogeneous electric field
Long wavelength limit

§ Response to strain
Metric tensor formulation
Technical issues

§ Example - Real application
Application to geophysics
Performances
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Density-functional perturbation theory
Quick recap…
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DENSITY-FUNCTIONAL PERTURBATION THEORY

§ All quantities are expanded in power series in a DF energy parameter l:

§ Solutions y(0) of Kohn-Sham equation minimize the usual DFT functional E(0)

§ The variational functional for E(2) is minimized by solutions y(1)

of the self- consistent Sternheimer equation:

§ where Pc is the projector on unoccupied states and:
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DENSITY-FUNCTIONAL PERTURBATION THEORY

§ We consider here the following perturbations l:

§ An uniform and proportional deformation (strain).

Notation:

! strain ()* ! )*

§ A change of a homogeneous, static electric field.

Notation:

! +ield ℰ0 ! ℰ1
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Density-functional perturbation theory
Response to  homogeneous electric field
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TREATMENT OF HOMOGENEOUS ELECTRIC FIELD 

§ Electric field Hamiltonian:
Linear potential

§ Breaks the periodic boundary conditions!

§ To apply DFPT with the electric field perturbation,
on needs at least:

§ These quantities are not accessible within
the periodic boundary conditions.
How to deal with that ?

CEA Bruyères, January 24, 2019 
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Treatment of homogeneous electric field 
breaks the periodic boundary conditions ! 

 
One needs, for linear response : 

  
  

 
 
 
 
 

 Solution : 
 

 + the derivative with respect to k  
  can be computed within DFPT 

The treatment of homogeneous electric field is thus 
mapped onto the original periodic system. 
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ELECTRIC FIELD: LONG WAVELENGTH LIMIT

§ Electric field potential:

§ We deduce:

Standard approach to deal with the periodicity issue…

!ℰ = ℰ⃗ % &⃗ ='
(
ℰ)*) ='

(
ℰ)| ⟩- (⟨&| ='

(
ℰ)*) | ⟩- ⟨&|

/ℋ
/ℰ)

= *) | ⟩- ⟨&|
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§ Using:

§ We deduce:

§ Going to the limit:

ELECTRIC FIELD: LONG WAVELENGTH LIMIT

§ Key idea : replace the position operator rj by:

Periodic part
of WF

!"
!ℰ$

= lim
)*⟶,

1
2/01

23)*4* ⟩6 ⟨8 − 2:3)*4* ⟩6 ⟨8

1.7. Réponse à la perturbation du champ électrique

Dans le formalisme de la DFPT, la dérivée du Hamiltonien par rapport au champ
électrique va donc s’exprimer :

ÄH
ÄEj

= rj |rihr| (1.146)

Pour utiliser la limite 1.142, il suffit, dans un premier, temps de remplacer le vecteur r
par e±iq.r :

ÄH
ÄE
⌘ e±iq.r |rihr| (1.147)

Redéfini dans l’espace réciproque, cet opérateur devient :

ÄHk,k0

ÄE =e�ikr
ÄH
ÄE e

ik0r0

⌘e�i(k⌥q)r|rihr|eik0r0
(1.148)

où seul k0 = k⌥q sera utile par la suite.
Son application sur des fonctions périodiques de Bloch |un,ki s’exprime :

ÄHk,k⌥q
ÄE

|un,k⌥qi ⌘ e�i(k⌥q)r|rihr|ei(k⌥q)r0 |un,k⌥qi

= |un,k⌥qi
(1.149)

Pour finir, en reportant la limite (éq. 1.142) dans l’expression de la dérivée du Hamilto-
nien, nous obtenons :

ÄHk,k

ÄE
|un,ki =limq!0

1
2iq

 
ÄHk,k�q
ÄE

|un,k�qi �
ÄHk,k+q

ÄE
|un,k+qi

!

=� i lim
q!0

 |un,k�qi � |un,k+qi
2q

! (1.150)

En passant à la limite :
ÄHk,k

ÄE
|un,ki =i

d |un,ki
dk

(1.151)

L’application de la dérivée duHamiltonien par rapport au champ électrique sur une fonc-

tion d’onde est assimilable à l’action de l’opérateur
d
dk

sur cette même fonction d’onde.

En utilisant la propriété précédente, il est possible de formuler l’équation stationnaire
pour le calcul des dérivées mixtes entre une perturbation du champ électrique et une
autre perturbation �1 [37] :
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47

1.7. Réponse à la perturbation du champ électrique

Dans le formalisme de la DFPT, la dérivée du Hamiltonien par rapport au champ
électrique va donc s’exprimer :

ÄH
ÄEj

= rj |rihr| (1.146)

Pour utiliser la limite 1.142, il suffit, dans un premier, temps de remplacer le vecteur r
par e±iq.r :

ÄH
ÄE
⌘ e±iq.r |rihr| (1.147)

Redéfini dans l’espace réciproque, cet opérateur devient :

ÄHk,k0

ÄE =e�ikr
ÄH
ÄE e

ik0r0

⌘e�i(k⌥q)r|rihr|eik0r0
(1.148)

où seul k0 = k⌥q sera utile par la suite.
Son application sur des fonctions périodiques de Bloch |un,ki s’exprime :

ÄHk,k⌥q
ÄE

|un,k⌥qi ⌘ e�i(k⌥q)r|rihr|ei(k⌥q)r0 |un,k⌥qi

= |un,k⌥qi
(1.149)

Pour finir, en reportant la limite (éq. 1.142) dans l’expression de la dérivée du Hamilto-
nien, nous obtenons :

ÄHk,k

ÄE
|un,ki =limq!0

1
2iq

 
ÄHk,k�q
ÄE

|un,k�qi �
ÄHk,k+q

ÄE
|un,k+qi

!

=� i lim
q!0

 |un,k�qi � |un,k+qi
2q

! (1.150)

En passant à la limite :
ÄHk,k

ÄE
|un,ki =i

d |un,ki
dk

(1.151)

L’application de la dérivée duHamiltonien par rapport au champ électrique sur une fonc-

tion d’onde est assimilable à l’action de l’opérateur
d
dk

sur cette même fonction d’onde.

En utilisant la propriété précédente, il est possible de formuler l’équation stationnaire
pour le calcul des dérivées mixtes entre une perturbation du champ électrique et une
autre perturbation �1 [37] :

Ä2Evar

Ä�1Ej
=2

"
⌦0

(2⇡)3

Z
dk

X

n

⇣
h (0)

n,k|
Ä2H
Ä�1ÄEj

�����
 (0)
n

| (0)
n,ki+ h 

(�1)
n,k |H

(0) � ✏(0)n | 
(Ej )
n,k i

+ h (�1)
n,k |i

d
dkj
| (0)

n,ki+ h 
(0)
n,k|

ÄH
Ä�1

�����
 (0)
n

| (Ej )
n,k i)

⌘

+
1
2

Z

⌦

dVxc

d⇢

�����
⇢(0)
⇢(�1)(r)⇢(Ej )(r)dr+2⇡⌦

X

G,0

⇢(�1)(G)⇢(Ej )(G)
G2

#
(1.152)

47

1.7. Réponse à la perturbation du champ électrique

Dans le formalisme de la DFPT, la dérivée du Hamiltonien par rapport au champ
électrique va donc s’exprimer :

ÄH
ÄEj

= rj |rihr| (1.146)

Pour utiliser la limite 1.142, il suffit, dans un premier, temps de remplacer le vecteur r
par e±iq.r :

ÄH
ÄE
⌘ e±iq.r |rihr| (1.147)

Redéfini dans l’espace réciproque, cet opérateur devient :

ÄHk,k0

ÄE =e�ikr
ÄH
ÄE e

ik0r0

⌘e�i(k⌥q)r|rihr|eik0r0
(1.148)

où seul k0 = k⌥q sera utile par la suite.
Son application sur des fonctions périodiques de Bloch |un,ki s’exprime :

ÄHk,k⌥q
ÄE

|un,k⌥qi ⌘ e�i(k⌥q)r|rihr|ei(k⌥q)r0 |un,k⌥qi

= |un,k⌥qi
(1.149)

Pour finir, en reportant la limite (éq. 1.142) dans l’expression de la dérivée du Hamilto-
nien, nous obtenons :

ÄHk,k

ÄE
|un,ki =limq!0

1
2iq

 
ÄHk,k�q
ÄE

|un,k�qi �
ÄHk,k+q

ÄE
|un,k+qi

!

=� i lim
q!0

 |un,k�qi � |un,k+qi
2q

! (1.150)

En passant à la limite :
ÄHk,k

ÄE
|un,ki =i

d |un,ki
dk

(1.151)

L’application de la dérivée duHamiltonien par rapport au champ électrique sur une fonc-

tion d’onde est assimilable à l’action de l’opérateur
d
dk

sur cette même fonction d’onde.

En utilisant la propriété précédente, il est possible de formuler l’équation stationnaire
pour le calcul des dérivées mixtes entre une perturbation du champ électrique et une
autre perturbation �1 [37] :

Ä2Evar

Ä�1Ej
=2

"
⌦0

(2⇡)3

Z
dk

X

n

⇣
h (0)

n,k|
Ä2H
Ä�1ÄEj

�����
 (0)
n

| (0)
n,ki+ h 

(�1)
n,k |H

(0) � ✏(0)n | 
(Ej )
n,k i

+ h (�1)
n,k |i

d
dkj
| (0)

n,ki+ h 
(0)
n,k|

ÄH
Ä�1

�����
 (0)
n

| (Ej )
n,k i)

⌘

+
1
2

Z

⌦

dVxc

d⇢

�����
⇢(0)
⇢(�1)(r)⇢(Ej )(r)dr+2⇡⌦

X

G,0

⇢(�1)(G)⇢(Ej )(G)
G2

#
(1.152)

47



ABINIT School 2019 – Sept. 2-6, 2019Commissariat à l’énergie atomique et aux énergies alternatives

ELECTRIC FIELD: LONG WAVELENGTH LIMIT

§ Applying the 1st-order electric field Hamiltonian on a wave 
function is identical as applying the gradient with respect to k

§ The treatment of homogeneous electric field is thus mapped 
onto the original periodic system.

!ℋ#,#
!ℰ | '(),# = +∇#| '(),#
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WAVE VECTOR PERTURBATION

§ The derivative of the wave function with respect to k can be 
computed within the DFPT formalism,
Solving the Sternheimer equation:

§ Note that 1st-order Hamiltonian H(k) is non self-consistent
The density does not depend on k

§ ABINIT input flag : rfddk
Need iscf=-3 (non-self-consistent computation)

§ 1st-order wave function is saved in a “DDK” file that
can be used in a response to electric field DFPT run.

!"# $(&) − )*,#
(&) |!"# -./,#

(#) = 1−!"# 2(#) -./,#
(&)
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WHAT CAN WE COMPUTE WITH ELECTRIC FIELD 1ST-ORDER WF?

§ Electronic part of dielectric tensor
Proportionnality coefficient between
polarization Pg and electric field

Linked to a second derivative of total energy

CEA Bruyères, January 24, 2019 
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εγ v
∞ = δγν + 4π

∂Pγ

∂εν

 electronic dielectric tensor 

Dielectric tensor : electronic part 

(Proportionality coefficient between polarisation and electric field) 

Linked to a second derivative of total energy 

Pγ = −
1
V

∂E
∂εγ

εγ v
∞ = δγν −

4π
V

∂2E
∂εγ ∂εν
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WHAT CAN WE COMPUTE WITH ELECTRIC FIELD 1ST-ORDER WF?

§ Born effective charges
Proportionality coefficient:
- between polarisation and atomic displacement
- between force and electric field
Linked to a mixed second derivative of total energy
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WHAT CAN WE COMPUTE WITH ELECTRIC FIELD 1ST-ORDER WF?

§ Piezoelectric tensor
Proportionality coefficient:
- between polarisation and strain
- between stress and electric field
Linked to a mixed second derivative of total energy

eabg
ebg

eabg -
a

sbg
ebg

= -W
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ELECTRIC FIELD PERTURBATION:
VARIATIONAL EXPRESSION OF SECOND-ORDER ENERGY

§ To get 2nd-order total energy, just replace 1st-order Hamitlonian H(ℇ)

by its expression depending on i∇k

§ Here example of a mixed perturbation electric field + l1
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ELECTRIC FIELD PERTURBATION: MIXED DERIVATIVES
NON-VARIATIONAL EXPRESSION OF SECOND-ORDER ENERGY

§ To get non-variational expression of 2nd-order total energy, just suppose 
that one of the two 1st-order wave function is zero.

§ This expression is non-stationary (i.e., 1st-order in convergence errors).

§ We obtain two different expressions.
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ABINIT INPUT FILE FOR RF RUN WITH DDK + EFIELD 

# First dataset : Self-consistent run

# Second dataset : Non-self-consistent run for full k point set

# Third dataset : d/dk response calculation
getwfk3  -1             # Uses as input the output wf of the previous dataset
getden3   1
rfddk3   1 # Activate the calculation of the d/dk perturbation

# We can also use rfelfd=2
iscf3  -3             # The d/dk perturbation must be treated

# in a non-self-consistent way
rfdir3   1 1 1         # Directions for perturbation

# Fourth dataset : Response Function calculation : electric field perturbation
getwfk4   -2            # Uses as input wfs the output wfs of the dataset 1
getddk4   -1            # Uses as input ddk wfs the output of the dataset 3
rfelfd4   3 # Activate the the electric field perturbation
rfdir4   1 1 1         # All directions are selected. However, symmetries

# will be used to decrease the # of pert.

# Common data
nqpt 1 qpt 0.0 0.0 0.0  # This is a calculation at the Gamma point
kptopt 2              # Generation of k points, using only the TR symmetry
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ABINIT OUTPUT FILE FOR RF RUN WITH DDK + EFIELD 
Test case: AlAs crystal

Perturbation wavevector (in red.coord.)   0.000000  0.000000  0.000000
Perturbation : derivative vs k along direction   1
[...]

iter 2DEtotal(Ha)        deltaE(Ha) residm vres2
-ETOT  1  -8.3114099083037     -8.311E+00 2.709E-02 0.000E+00
ETOT  2  -8.3153468866281     -3.937E-03 1.678E-05 0.000E+00
ETOT  3  -8.3153482602104     -1.374E-06 4.304E-09 0.000E+00
ETOT  4  -8.3153482610322     -8.218E-10 6.755E-12 0.000E+00
ETOT  5  -8.3153482610330     -8.296E-13 9.994E-15 0.000E+00
ETOT  6  -8.3153482610330      3.375E-14 1.690E-17 0.000E+00
ETOT  7  -8.3153482610329      1.599E-14 2.558E-20 0.000E+00
ETOT  8  -8.3153482610329      8.882E-15 9.941E-23 0.000E+00
At SCF step 8   max residual=  9.94E-23 < tolwfr=  1.00E-22 =>converged.
[...]

Eight components of 2nd-order total energy (hartree) are
1,2,3: 0th-order hamiltonian combined with 1st-order wavefunctions

kin0=   2.21582275E+01 eigvalue=  -1.19796310E+00  local=  -1.73372853E+01
4,5,6: 1st-order hamiltonian combined with 1st and 0th-order wfs

kin1=  -1.68814512E+01  Hartree=   0.00000000E+00     xc=   0.00000000E+00
7,8,9: eventually, occupation + non-local contributions

edocc=   0.00000000E+00     enl0=   4.69236920E+00   enl1=   2.50754707E-01
1-9 gives the relaxation energy (to be shifted if some occ is /=2.0)
erelax=  -8.31534826E+00
No Ewald or frozen-wf contrib.: the relaxation energy is the total one
2DEtotal=   -0.8315348261E+01 Ha. Also 2DEtotal=   -0.226272133461E+03 eV

(  non-var. 2DEtotal :   -8.3153482610E+00 Ha)
[...]
respfn : d/dk was computed, but no 2DTE, so no DDB output.
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ABINIT OUTPUT FILE FOR RF RUN WITH DDK + EFIELD 

Dielectric tensor, in cartesian coordinates,
j1       j2             matrix element

dir pert dir pert real part    imaginary part

1    4   1    4         9.7606052146        -0.0000000000
1    4   2    4        -0.0000000000        -0.0000000000
1    4   3    4        -0.0000000000        -0.0000000000

2    4   1    4        -0.0000000000        -0.0000000000
2    4   2    4         9.7606052146        -0.0000000000
2    4   3    4        -0.0000000000        -0.0000000000

3    4   1    4        -0.0000000000        -0.0000000000
3    4   2    4        -0.0000000000        -0.0000000000
3    4   3    4         9.7606052146        -0.0000000000

Test case: AlAs crystal
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ABINIT OUTPUT FILE FOR RF RUN WITH DDK + EFIELD 

Effective charges, in cartesian coordinates,
(from electric field response) 
if specified in the inputs, asr has been imposed

j1       j2             matrix element
dir pert dir pert real part    imaginary part

1    1   1    4         2.1043565138         0.0000000000
2    1   1    4        -0.0000000000         0.0000000000
3    1   1    4         0.0000000000         0.0000000000
1    2   1    4        -2.1272284702         0.0000000000
2    2   1    4         0.0000000000         0.0000000000
3    2   1    4        -0.0000000000         0.0000000000

1    1   2    4        -0.0000000000         0.0000000000
2    1   2    4         2.1043565138         0.0000000000
3    1   2    4         0.0000000000         0.0000000000
1    2   2    4         0.0000000000         0.0000000000
2    2   2    4        -2.1272284702         0.0000000000
3    2   2    4        -0.0000000000         0.0000000000

1    1   3    4         0.0000000000         0.0000000000
2    1   3    4        -0.0000000000         0.0000000000
3    1   3    4         2.1043565138         0.0000000000
1    2   3    4         0.0000000000         0.0000000000
2    2   3    4        -0.0000000000         0.0000000000
3    2   3    4        -2.1272284702         0.0000000000

Test case: AlAs crystal
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Density-functional perturbation theory
Response to strain
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STRAIN

§ Concept from continuum mechanics

§ Uniform, proportional deformation of a solid

§ Stress: !"# = %
&

'(
')"#

Force per unit area

§ Described by dimensionless second-rank tensor e

Mat-Sim
Research

StrainStrain

• Concept from continuum mechanics – uniform, proportional deformation
of a solid

• Described by dimensionless second-rank tensor η

• Stress                                      where E is the energy per unit cell and Ω
is the cell volume has dimensions of force per unit area (pressure)

Compressive yyη Shear xyη

y

x

1 Eαβ αβσ η−= Ω ∂ ∂

)"# )"#



ABINIT School 2019 – Sept. 2-6, 2019Commissariat à l’énergie atomique et aux énergies alternatives

NOTATION FOR ELASTIC PROPERTIES

§ Only the symmetric part of the strain tensor matters.

Antisymmetric strains are simply rotations.

§ In ABINIT, all these forms are used at various places internally
and in the output.

§ Strain and related properties are expressed in cartesian coordinates 
throughout ABINIT.
Other perturbations are expressed in reduced coordinates.

Mat-Sim
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Stress and strain notationStress and strain notation

• Only the symmetric part of the strain tensor matters
– Antisymmetric strains are simply rotations

• All these forms are used at various places internally and in the output

Cartesian xx yy zz yz xz xy

Cartesian 1 1 2 2 3 3 2 3 1 3 1 2

Voigt 1 2 3 4 5 6
ipert, idir natom+3, 1 natom+3, 2 natom+3, 3 natom+4, 1 natom+4, 2 natom+4,  3

1 + #$$ #$% #$&
#$% 1 + #%% #%&
#$& #%& 1 + #&&

=
1 + #$ ⁄#) 2 ⁄#+ 2
⁄#) 2 1 + #% ⁄#, 2
⁄#+ 2 ⁄#, 2 1 + #&
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STRESS IN ABINIT

§ Stress is ground-state property,

Output for for all ABINIT GS runs.

§ Can be used as a “force” to optimize unit cell size and shape 

along with internal atomic coordinates.

§ Numerical differentiation by !"# yields elastic tensor.
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Stress output in Stress output in ABINITABINIT

• Stress is ground-state property(1)

• Routine part of ABINIT output for GS runs

• Numerical differentiation by       yields elastic tensor
• Used as a “force” to optimize unit cell size and shape along with 

internal atomic coordinates with input variable optcell >0.
• Cell can be optimized to stresses ≠ 0 by setting strtarget

– Useful for high-pressure phases or to “stretch” LDA lattice constant 
underestimates (negative pressure)

At SCF step   21       vres2   =  3.07E-19 < tolvrs=  1.00E-18 =>converged.

Cartesian components of stress tensor (hartree/bohr^3)
sigma(1 1)= -3.32496227E-05  sigma(3 2)=  0.00000000E+00
sigma(2 2)= -3.32496227E-05  sigma(3 1)=  0.00000000E+00
sigma(3 3)= -2.34717014E-05  sigma(2 1)=  0.00000000E+00

αβη

(1) O. H. Nielsen and R. M. Martin, Phys. Rev. Lett. 50, 697 (1983); 
Phys. Rev. B 32, 3780 (1985). 
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STRAIN TENSOR !"# AS A PERTURBATION

§ Uniform strain changes the positions of the atomic potentials 
proportionally to their distances from the origin:

$ % = '
()** +

'
,-./ 0

$0 % − 2 − +

§ This causes unique problems for perturbation expansions:
From the point of view of a single unit cell, strain changes the periodic 
boundary conditions, so wave functions of the strained lattice cannot be 
expanded in terms of those of the unstrained lattice.

Discretization grids change under deformation : take into account a 
contribution from the derivative of the grid?

3-4567 8 '
()** +

'
,-./ 0

$0 % − (1 + <)2 − (1 + <)+
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« METRIC TENSOR FORMULATION »

§ Every lattice, unstrained or strained, is a unit cube in reduced coordinates.

§ Primitive real and reciprocal lattice vectors define the transformations:

§ Every term in the plane-wave DFT functional can be expressed in terms of dot 
products and the unit cell volume W.

§ Dot products and W in reduced coordinates are computed with metric tensors:

§ This trick reduces strain to a “simple” parameter of a density functional whose 
wave functions have invariant boundary conditions.

§ The only strain dependence of DFT functional is in the metric tensors.

“Elegant” formulation proposed by Hamann et al., PRB 71, 035117 (2005) 
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« METRIC TENSOR FORMULATION »

§ Strain derivatives of the metric tensor are straightforward.

Ξ"#
$% = '()*

'+,-
= .$"/ .%#/ + .%"/ .$#/

Ξ"#
$%01 = 23Ξ"#

24$%2401
= 5$0 .%"/ .1#/ + .1"/ .%#/ + 5%0 .$"/ .1#/ + .1"/ .$#/

§ In cartesian coordinates, volume W has simple derivatives:

'7
'+,-

= 5$% Ω '97
'+,-'+:;

= 5$% 501 Ω

§ Consequence : derivative of integrals over the volume:

2
24$%

<
7
= > ?> = <

7

2= >
24$%

?> + 5$% <
7
= > ?>
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STRAIN PERTURBATION:
VARIATIONAL EXPRESSION FOR SECOND-ORDER ENERGY

§ All these terms can be found in ABINIT output file.

§ There are additional terms in case of Projector Augmented-Wave approach.

§ ABINIT computes also a non-variational expression for E(2).
If convergence is reached it has to be equal to the variational one.
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{ } (1) (0) (0) (

(1) (1) (1) (1) (1) (1) (0)

(0) (1)

(

(1) (1) (1) (1

(2)

0) (2) (2) (2)

) (1

(0 0) (0) (1))

(

(

)

1);

loc non loc Ha

loc non loc

Har loc n

r xc

loc non loc Har xc

on loc

occ

el

T V V V V

T V V

T VE

V V

T V V

V
α

α

α α

α

α α

α

α

α

ψ ψ

ψ ε ψ

ψ

ψ

ψ ψ

ψ

ψ

−

−

−

+ −

+ + + +

+ + + +

+ + −⎡

+ +

= ⎣

+

+

+

∑

(0) (0)

0)

2 2 2

2 2 2

1 1 1
2 2 2

Har xc Ion Ion

n n

d E d E d E
d d dλ λ λ

−

⎤⎦

+ + +

VariationalVariational 2DTE expression for strain2DTE expression for strain

12          13          14

7            4            10              5          6

1             3                  9              2

11                          15                         16, 17

• Numbered breakdown of components as in Abinit output
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ABINIT OUTPUT:
VARIATIONAL EXPRESSION FOR SECOND-ORDER ENERGY
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VariationalVariational 2DTE components for strain in .out2DTE components for strain in .out

Seventeen components of 2nd-order total energy (hartree) are
1,2,3: 0th-order hamiltonian combined with 1st-order wavefunctions

kin0=   5.45759309E+00 eigvalue=  -4.64795287E-01  local=  -3.43266023E+00
4,5,6,7: 1st-order hamiltonian combined with 1st and 0th-order wfs
loc psp =   1.38229987E+00  Hartree=   1.08631683E+00     xc=  -4.86887660E-01

kin1=  -5.29050571E+00
8,9,10: eventually, occupation + non-local contributions

edocc=   0.00000000E+00     enl0=   2.22543400E+00   enl1=  -4.92230408E+00
1-10 gives the relaxation energy (to be shifted if some occ is /=2.0)

erelax=  -4.44550918E+00
11,12,13 Non-relaxation  contributions : frozen-wavefunctions and Ewald
fr.hart=  -5.37096135E-01   fr.kin=   4.17616081E+00 fr.loc=   2.61961436E+00

14,15,16 Non-relaxation  contributions : frozen-wavefunctions and Ewald
fr.nonl=   3.24102985E+00    fr.xc=  -2.30295282E-01  Ewald=  -3.20692684E+00

17 Non-relaxation  contributions : pseudopotential core energy
pspcore=  -2.77394479E-01

Resulting in :
2DEtotal= 0.1339583111E+01 Ha. Also 2DEtotal=    0.364519096295E+02 eV

(2DErelax=   -4.4455091757E+00 Ha. 2DEnonrelax=    5.7850922867E+00 Ha)
(  non-var. 2DEtotal : 1.3395938195E+00 Ha)
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MIXING ATOMIC DISPL., STRAIN AND ELECTRIC FIELD PERTURBATIONS

§ We need second derivative with respect to strain eab , 
electric field ℰj and atomic coordinates tki to obtain:

Interatomic force constants "#$% #&'(#&')*
Clamped-atom elastic tensor "#$% #+,-#+./
Clamped-atom dielectric tensor "#$% #ℇ*#ℇ*)

§ We need combinations of strain eab, electric field ℰj and 
atomic coordinates tki derivatives to obtain:

Force-response internal strain tensor "#$% #+,-#&'(
Clamped-atom piezoelectric tensor "#$% #+,-#ℇ*
Born effective charges "#$% #&'(#ℇ*
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STRAIN PERTURBATION:
NON-VARIATIONAL EXPRESSION FOR SECOND-ORDER ENERGY

§ Calculating mixed 2nd derivatives of the energy with respect 
to pairs of perturbations.

§ By the “2n+1” theorem, these only require one set
of 1st-order wave functions.

§ This expression is non-stationary.
(i.e., 1st-order in convergence errors)
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STRAIN PERTURBATION: MIXED DERIVATIVES

§ Strain – electric field derivatives
Use special simpler non-variational expression with 1st-
order wave–vector wave functions and 1st-order
strain wave functions:

!"#
!$%&!ℇ(

= 2 Ω
2, -./0

123
4

5624
78 624%&

§ Strain – atomic coordinate derivatives
Use 1st-order strain wave functions 624

%&

Use 1st-order atomic-coordinate Hamiltonian 9 :;<

Calculate non-variational expression of E(2)
All terms: kinetic, local, hartree, XC, non-local
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INDEX TO ABINIT RF PERTURBATIONS 
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Index to Index to AbinitAbinit RF perturbationsRF perturbations

⁄" "#$%
⁄" "#$%
⁄" "#$%
⁄" "#$%
⁄" "#$%
⁄" "#$%

Response to
atom. displ.

Response to
change of k

Response to
change of
elec. field

Response to
strain.

File
Index of

perturbation

Direction
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ABINIT INPUT FILE FOR RF RUN WITH STRAIN 
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Input file for RF run with strainInput file for RF run with strain

# First dataset  : Self-consistent run

# Second dataset : Non-self-consistent run 
#                  for full k point set

# Third dataset  : d/dk response calculation
#this section is omitted if

getwfk3  2        #only the elastic tensor is
getden3  1        #wanted

iscf3 -3
rfelfd3  2
rfdir3  1 1 1

# Fourth dataset : phonon, strain,and homogeneous 
#                  electric field response

diemix4  0.85
diemac4  1.0
getwfk4  2     
getddk4  3        #omitted for ELT only

iscf4  3     
rfelfd4  3        #omitted for ELT only

rfatpol4  1 2
rfdir4  1 1 1

rfphon4  1
rfstrs4  3        #only this is new for strain

# Common data      #stresses and forces should
nqpt 1        #(in general) be relaxed
qpt 0 0 0    #beforehand
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STRAIN PERTURBATION: ABINIT OUTPUT FILE

§ With natom=2, electric field ipert=4 and strain ipert=5

§ Only a sample of the complete matrix shown

§ Careful: mix of reduced and Cartesian coordinates!
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2DTE terms in .out file2DTE terms in .out file

• Mix of reduced and Cartesian coordinates, also in _DDB output file
– With natom = 2,  electric field pert = 4 and strain pert = 5, 6
– Only a sample of the complete matrix shown

2nd-order matrix (non-cartesian coordinates, masses not included,
asr not included )

cartesian coordinates for strain terms (1/ucvol factor 
for elastic tensor components not included) 

j1       j2             matrix element
dir pert dir pert     real part     imaginary part

1    1   2    2   -2.8200006186    0.0000000000

1    1   3    2   -2.8654826400    interatomic force constant (red-red)

1    1   1    4   -4.1367712586    Born effective charge (red-red)

1    1   2    5   -0.0238530938    internal strain (red-cart)

1    4   3    4   46.0269881204    dielectric tensor (red-red)

1    4   3    5   -0.2214090328    piezoelectric tensor (red-cart)

1    5   2    6   -0.0103809572    elastic tensor (cart-cart)

• Detailed breakdown of contributions is given for prtvol = 10
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STRAIN PERTURBATION: ABINIT OUTPUT FILE
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Cartesian ELT and PZT in .out fileCartesian ELT and PZT in .out file

Rigid-atom elastic tensor , in cartesian coordinates,
j1       j2             matrix element

dir pert dir pert     real part    imaginary part

1    7   1    7         0.0056418387         0.0000000000
1    7   2    7         0.0013753709         0.0000000000
1    7   3    7         0.0007168444         0.0000000000
1    7   1    8         0.0000000000         0.0000000000
1    7   2    8         0.0000000000         0.0000000000
1    7   3    8         0.0000000006         0.0000000000

2    7   1    7         0.0013753707         0.0000000000
2    7   2    7         0.0056418385         0.0000000000

Rigid-atom proper piezoelectric tensor, in cartesian
coordinates,

j1       j2             matrix element
dir pert dir pert     real part    imaginary part

1    6   1    7         0.0000000000         0.0000000000
1    6   2    7         0.0000000000         0.0000000000
1    6   3    7         0.0000000000         0.0000000000
1    6   1    8         0.0000000000         0.0000000000
1    6   2    8         0.0076114623         0.0000000000
1    6   3    8         0.0000000000         0.0000000000

2    6   1    7         0.0000000000         0.0000000000
2    6   2    7         0.0000000000         0.0000000000
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Cartesian ELT and PZT in .out fileCartesian ELT and PZT in .out file

Rigid-atom elastic tensor , in cartesian coordinates,
j1       j2             matrix element

dir pert dir pert     real part    imaginary part

1    7   1    7         0.0056418387         0.0000000000
1    7   2    7         0.0013753709         0.0000000000
1    7   3    7         0.0007168444         0.0000000000
1    7   1    8         0.0000000000         0.0000000000
1    7   2    8         0.0000000000         0.0000000000
1    7   3    8         0.0000000006         0.0000000000

2    7   1    7         0.0013753707         0.0000000000
2    7   2    7         0.0056418385         0.0000000000

Rigid-atom proper piezoelectric tensor, in cartesian
coordinates,

j1       j2             matrix element
dir pert dir pert     real part    imaginary part

1    6   1    7         0.0000000000         0.0000000000
1    6   2    7         0.0000000000         0.0000000000
1    6   3    7         0.0000000000         0.0000000000
1    6   1    8         0.0000000000         0.0000000000
1    6   2    8         0.0076114623         0.0000000000
1    6   3    8         0.0000000000         0.0000000000

2    6   1    7         0.0000000000         0.0000000000
2    6   2    7         0.0000000000         0.0000000000
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Cartesian internal strain in .outCartesian internal strain in .out

Internal strain coupling parameters, in cartesian coordinates,
zero average net force deriv. has been imposed

j1       j2             matrix element
dir pert dir pert     real part    imaginary part

1    1   1    7         0.1249319229         0.0000000000
1    1   2    7        -0.1249319272         0.0000000000
1    1   3    7         0.0000000000         0.0000000000
1    1   1    8         0.0000000000         0.0000000000
1    1   2    8        -0.1016111210         0.0000000000
1    1   3    8         0.0000000003         0.0000000000

2    1   1    7         0.0000000000         0.0000000000
2    1   2    7         0.0000000000         0.0000000000
2    1   3    7         0.0000000000         0.0000000000
2    1   1    8        -0.1016109573         0.0000000000
2    1   2    8         0.0000000000         0.0000000000
2    1   3    8        -0.1249319425         0.0000000000

Elastic

Piezoelectric

Internal strain
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ATOMIC RELAXATION

§ We are treating here strain as an independent variable,
but, in a laboratory, only stress is applied.

§ Strain will change the reduced atomic coordinates,
not just the metric tensors.

§ Atomic relaxation makes modest changes the the elastic 
constants for “normal” solids, huge changes for special cases 
(molecular solids).

§ There are large relaxation changes in the piezoelectric constants 
for most piezoelectric materials.
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ATOMIC RELAXATION

§ Introduce a model energy function quadratic in atomic 
displacements Dtki , strain eab , and electric field ℰj :

§ « Clamped » quantities:,

H(Dt, eab,ℇ)
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ATOMIC RELAXATION

§ We assume the forces are zero (relaxed structure).

§ Strain and electric field 2nd derivatives of H yield the relaxed-atom 
elastic piezoelectric and dielectric tensors.

§ K −1 is the pseudo-inverse of the interatomic force constant matrix.

PROJECTOR AUGMENTED-WAVE FORMULATION OF … PHYSICAL REVIEW B 99, 094112 (2019)

Special attention has to be paid for derivatives and integrals
involving volume. Indeed, the deformation of the metrics may
induce a change in volume:

∂"

∂ϵαβ

= δαβ". (37)

As such, an integral over the volume " becomes

∂

∂ϵαβ

[∫

"

f (r)d r
]

= δαβ"

∫

"

f (r)d r +
∫

"

∂ f (r)
∂ϵαβ

d r. (38)

E. The electric-field perturbation

For insulators, a collective movement of atoms induces a
change in the electric field. If this movement is due to an
atomic vibration, the response is defined as the Born effective
charge tensor [17]. If the movement is due to a strain, the
response is the piezoelectric tensor [17].

To calculate these quantities within DFT, it is necessary to
explicitly consider a homogeneous, static electric field in the
Hamiltonian:

H(E ) = T + VHxc(r) + Vext(r)︸ ︷︷ ︸
H(0)

+ E · r̂︸︷︷︸
VE

, (39)

where r̂ is the position operator.
Because of the electric field, the Hamiltonian loses its

periodicity. The standard approach to deal with this issue is
to use the long wavelength limit [18– 20]. The application of
the first-order Hamiltonian—at frozen wave functions—to a
wave function yields the derivative of the wave function with
respect to the vector k [15]:

∂Hk,k

∂E

∣∣∣∣
ψ (0)

|u n ,k⟩ = i
d |u n ,k⟩

d k
, (40)

where Hk,k and u n ,k are, respectively, the Hamiltonian and
the wave functions described in Bloch state space.

Thus we can reformulate the variational expression of the
mixed second-order energy derivatives involving the electric
field as [15]

E (λ1E j )
var =

[
"

(2π )3

∫
d k

∑

n

(〈
ψ (0)

n ,k

∣∣ ∂2H
∂λ1∂E j

∣∣∣∣
ψ (0)

∣∣ψ (0)
n ,k

〉

+
〈
ψ (λ1 )

n ,k

∣∣i
d

d k j

∣∣ψ (0)
n ,k

〉
+

〈
ψ (0)

n ,k

∣∣ ∂H
∂λ1

∣∣∣∣
ψ (0)

∣∣ψ (E j )
n ,k

〉

+
〈
ψ (λ1 )

n ,k

∣∣H(0) − ϵ (0)
n

∣∣ψ (E j )
n ,k

〉)

+ 1
2

∫

"

δVxc

δρ

∣∣∣∣
ρ (0)

ρ (λ1 )(r)ρ (E j )(r)d r

+ 2π"
∑

G ̸=0

ρ (λ1 )(G)ρ (E j )(G)
G2

]
. (41)

Note that we consider here the wave functions expanded
in a plane-wave basis. As the derivative of the wave function
with respect to k appears, we also need to explicitly use the
Brillouin zone sampling.

From the previous equation, we can derive the two follow-
ing nonvariational expressions:

E (λ1E j )
nonvar = "

(2π )3

∫
d k

∑

n

(〈
ψ (0)

n ,k

∣∣ ∂2H
∂λ1∂E j

∣∣∣∣
ψ (0)

∣∣ψ (0)
n ,k

〉

+
〈
ψ (λ1 )

n ,k

∣∣i
d

d k j

∣∣ψ (0)
n ,k

〉)
(42)

and

E (E jλ1 )
nonvar = "

(2π )3

∫
d k

∑

n

(〈
ψ (0)

n ,k

∣∣ ∂2H
∂λ1∂E j

∣∣∣∣
ψ (0)

∣∣ψ (0)
n ,k

〉

+
〈
ψ (0)

n ,k

∣∣ ∂H
∂λ1

∣∣∣∣
ψ (0)

∣∣ψ (E j )
n ,k

〉)
. (43)

F. Relaxed-ion tensors

The perturbations with respect to field and strain are cou-
pled to the internal degrees of freedom. As such, we can
define two sets of tensors, clamped, i.e., independent on the
ionic relaxations, and relaxed, i.e., dependent on the atomic
relaxations. Wu et al. [17] clearly explain this coupling. For
example, the action of an electric field or of strain induces
a change in the atomic positions, under constraints of the
symmetry. Considering the energy Evol per unit cell volume,
the elementary tensors are defined as:

the clamped-ion elastic tensor:

C̄αβγ δ = ∂2Evol

∂εαβ∂εγ δ

∣∣∣∣
τ,E

, (44)

the clamped-ion dielectric susceptibility tensor:

χ̄ j j′ = − ∂2Evol

∂E j∂E j′

∣∣∣∣
τ,ε

, (45)

the clamped-ion piezoelectric tensor:

ē jαβ = − ∂2Evol

∂E j∂εαβ

∣∣∣∣
τ

, (46)

the Born effective charge tensor:

Zκk j = − "
∂2Evol

∂τκk∂E j

∣∣∣∣
ε

, (47)

the clamped-ion force-strain coupling tensor:

0κkαβ = − "
∂2Evol

∂τκk∂εαβ

∣∣∣∣
E
, (48)

and the force constant tensor:

Kκkκ ′k′ = "
∂2Evol

∂τκk∂τκ ′k′

∣∣∣∣
E,ε

. (49)

Taking into account the coupling between the different
perturbations and the ion relaxations, we obtain the relaxed-
ion elastic, piezoelectric, and dielectric tensors as

Cαβδγ = C̄αβδγ − "− 10κkαβ (K − 1)κkκ ′k′0κ ′k′γ δ,

e jαβ = ē jαβ + "− 1Zκk j (K − 1)κkκ ′k′0κ ′k′αβ,

χ j j′ = χ̄ j j′ + "− 1Zκk j (K − 1)κkκ ′k′Zκ ′k′ j′ . (50)

094112-5
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HOW TO INCORPORATE ATOMIC RELAXATION WITH ABINIT

§ Need to use anaddb script as a post-processor of ABINIT results

§ All the needed 2nd derivatives must be present in the _DDB file

(from several RF ABINIT runs).

§ Results are converted to conventional units rather than atomic 

units.

§ Various other tensors corresponding — such as fixed or zero 

polarization or stress, etc. — can be calculated using the same 

approach.

§ See elaflag, instrflag , dieflag, piezoflag , 

polflag in the anaddb help file.
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ANADDB EXAMPLE
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Input file for Input file for anaddbanaddb runrun

dieflag 3 !flag for relaxed-ion dielectric tensor
elaflag 3 !flag for the elastic tensor

piezoflag 3 !flag for the piezoelectric rensor
instrflag 1 !flag for the internal strain tensor

!the effective charge part
asr 1

chneut 1

!Wavevector list number 1

nph1l  1
qph1l  0.0 0.0 0.0 1.0

!Wave vector list no. 2

nph2l  1  
qph2l  0.0 0.0 1.0 0.0  

New flags and/or values in violet

Input file
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ANADDB EXAMPLE
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RelaxedRelaxed--atom output from atom output from anaddbanaddb

• Diagonal elastic tensor elements must be smaller in relaxed than unrelaxed case
– Why?

• Also in output
– Clamped-ion versions of the above in standard units
– Clamped and relaxed compliance tensors
– “Force-response” and “displacement response” internal strain tensors
– More tensors corresponding to different boundary conditions

Elastic Tensor(relaxed ion)(Unit:10^2GP,VOIGT notation):

1.2499151   0.6699976   0.6835944   0.0022847  -0.0113983  -0.0001512
0.6699976   1.6217899   0.5566207   0.0194005  -0.0055653  -0.0055915
0.6835944   0.5566207   1.5896839  -0.0207927   0.0107924   0.0080825
0.0022847   0.0194005  -0.0207927   0.6659339   0.0077398  -0.0056845
-0.0113983  -0.0055653   0.0107924   0.0077398   0.7283916   0.0014049
-0.0001512  -0.0055915   0.0080825  -0.0056845   0.0014049   0.7222881

proper piezoelectric constants(relaxed ion)(Unit:c/m^2)

0.01714694      0.05107080     -0.00883676
0.00828454      0.03716812     -0.00810176
0.01882065      0.05180658     -0.00576393

-0.03872154     -0.01245206      0.01902693
-0.01424058      0.00757132     -0.00294782
0.01566436     -0.00054740      0.00218470

Output file

§ Also in output
Clamped-ion versions of tensors in standard units
Clamped and relaxed compliance tensors
“Force-response” and “displacement response” internal strain tensors
More tensors corresponding to different boundary conditions

§ An important check is that the tensors have symmetry appropriate
to the point group of the material.
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« PROPER » ELASTIC TENSOR

elasticity-oganov.pdf & vanderbilt-anaddb-notes.pdf in ~abinit/doc/theory

§ Back to the basics:
Stress-strain definition of elastic tensor is:

§ Elastic tensor computed from DFPT
➙ “Proper” elastic tensor :

§ The definitions differ:
If the reference
structure is under stress
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Stress reference structure



ABINIT School 2019 – Sept. 2-6, 2019Commissariat à l’énergie atomique et aux énergies alternatives

« PROPER » PIEZOELECTRIC TENSOR

Vanderbilt, J. Phys. Chem. Solids 61, 147 (2000)

§ The polarization Pa is defined within a “polarization quantum” due to 
the freedom to choose the phase of Bloch wave functions.
We have different polarization “branches”:

§ Strain-induced changes:

§ The proper piezoelectric tensor is independent of the branch:

Lattice 
vector
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DFPT VS FINITE DIFFERENCES – HOWTO CHECK?

§ Numerous numerical issues
Amplitude of increment of the finite differences (system dependent)
Number of points in the finite difference scheme
Changes of real space grid when manual deformation is applied
Numerical scheme for real space integrals when the center moves
Slow convergence of “finite electric field” computations
(within “Berry phase” formalism”)

A. MARTIN, M. TORRENT, AND R. CARACAS PHYSICAL REVIEW B 99, 094112 (2019)

energies and Brillouin zone sampling. We especially check for
the charge neutrality as an efficient indication of convergence.
When available we provide also experimental values.

B. Numerical issues

The practical implementation aspects of the computation
of the energy derivatives are highly dependent of the for-
malism. Consequently direct numerical comparisons of the
results are highly challenging. This is particularly true when
the derivatives concern deformations combined with atomic
relaxations and electric fields. The multiple interdependencies
of the various terms, as shown in the big Hessian matrix [27],
may easily induce numerical errors.

In FD we obtain the elastic tensor assuming linear stress-
strain relations. We apply positive and negative deformations
with ϵ and 2ϵ amplitude. The value of ϵ has to be carefully
chosen as it directly controls the precision of the test. It has
to be sufficiently small to ensure that we are in the linear
regime but not too small to avoid round-off errors. In case
of a significant discrepancy between the DFPT and the FD
approaches, the amplitude of the deformation in FD is the
first parameter that has to be questioned. Its optimal value is
strongly system dependent and relies on several factors like
the amplitude of the atomic relaxations.

The deformation of the system due to the application of a
strain generates a change of the real-space grid used to define
the integrals centered on the atoms and to represent the scalar
fields, like densities and potentials. This grid is usually defined
in reduced coordinates related to the primitive vector of the
unit cell. Its deformation can induce large fluctuations for the
integrals. Actually, this lays at the origin of the Pulay contri-
bution to the stresses, a side effect of the grid spacing changes
under strain. In the present case, it makes the numerical check
of the integrals and of the partial derivatives of scalar fields
very complicated. The latter have to be maintained constant
which is not easy with an evolving grid. An interpolation
allows to match the deformed grid to the original one.

In order to validate the implementation of the effective
charges and of the piezoelectric tensors by FD it is necessary
to take a different approach because of the electric field
specificities. There are two alternatives: (i) compute the po-
larizability on different perturbed cells, or (ii) compute small
variations of the forces and/or stresses on cells under varying
electric field. In both cases, it is necessary to carry out PAW
ground state calculations in the formalism of the “Modern
Theory of Polarization”, as implemented in ABINIT [9]. Such
calculations are known to have a poor convergence behavior
with respect to the k-point sampling because they include a
numerical computation of the derivative of the wavefunction
with respect to the k-points. Therefore it is difficult to get a
perfect agreement between DFPT and FD, as shown on Fig 1.

C. Numerical validation on highly symmetric systems

Tables I, II, and III show, respectively, a partial set of the
internal-strain coupling parameters, the Born effective charges
and the clamped-ion piezoelectric tensor of AlAs. They have
been computed using the two nonvariational expressions of
the second-order energy and converged up to between 6 and
9 significant digits. As shown by these tables these two ex-
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FIG. 1. Convergence of the effective charges in AlAs with re-
spect to the Brillouin zone sampling as obtained in both finite
differences and in DFPT.

pressions give the same values, up to many enough significant
digits to validate the formulas and their implementation.

Table IV lists the three independent values of the elastic
tensor of FCC aluminum, obtained with DFPT and FD, clearly
showing the agreement between the two approaches.

In this test involving a metal, we use a specific treatment
of the Fermi energy [28], not discussed in this paper. Indeed,
changes of the lattice parameters affect the grid of G-points
and thus the occupancy of the electronic bands around the
Fermi energy.

D. Validation on low-symmetry systems

To make the validation more complete we consider a struc-
ture with lower symmetry: C-bearing ϵ-iron, a structure that
can potentially be present in the Earth’s solid inner core. [30]
We build a 2 × 2 × 1 super-cell of the hexagonal close packed
(hcp) structure of ϵ-iron, containing 16 Fe atoms and we place
one interstitial carbon atom. The symmetry is reduced from
hexagonal (P63mmc) to trigonal (P − 3m1), and all the atoms
need to be relaxed as they do not occupy anymore special
positions fixed by the symmetry.

The determination of the full elastic tensor requires com-
putation of 7 independent elastic constants. In FD appropriate

TABLE I. Clamped-ion force-strain coupling parameters of
AlAs in reduced coordinates, in Ha. Comparison of the numerical
values obtained with DFPT and FD: −" ∂2Evol

∂τκk∂εαβ
[Eq. (48)].

εαβ κ k FD+PAW DFPT+PAW

1 Al x 0.84452759 0.84452677
2 Al x − 0.84452759 − 0.84452679
3 Al x 0.00000000 0.00000000
4 Al x − 0.40239908 − 0.40239911
5 Al x − 0.69697561 − 0.69697569
6 Al x − 0.48758797 − 0.48758777

094112-12
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TEST: DFPT VS FINITE DIFFERENCES

§ Al and AlAs crystals. Projector Augmented-Wave approach

§ Ground state calculations of stress and polarization with clamped atomic coordinates

§ Finite-difference d/dk for best consistency with polarization calculations

§ 5-point numerical derivatives with strain increment 10-4

Martin, Torrent, Caracas, PRB 99, 094112 (2019)

PROJECTOR AUGMENTED-WAVE FORMULATION OF … PHYSICAL REVIEW B 99, 094112 (2019)

TABLE II. Born effective charges of AlAs in units of charge
[Eq. (47)]. Comparison between the two nonvariational expressions,
Eqs. (30)–(32) and Eq. (86), in DFPT.

κ k −" ∂2Evol
∂τκk∂ E⃗k

−" ∂2Evol
∂ E⃗k∂τκk

Al x 2.07482486 2.07482525
Al y 2.07482486 2.07482525
Al z 2.22353351 2.22353327
As x − 2.07485811 − 2.07485849
As y − 2.07485811 − 2.07485849
As z − 2.22341484 − 2.22341461

strain systems need to be applied where all the atoms need to
be relaxed.

The relaxed-ion elastic tensors obtained from DFPT and
FD are shown in Table V. The differences between the values
obtained with the two approaches are on the order of tens of
MPa or less, two orders of magnitude smaller than the typical
error bars in this type of simulations.

Then we consider the MgSiO3 perovskite, the mineral
bridgmanite. It is by volume the most important mineral of the
Earth. It forms more than three quarters of the Earth’s lower
mantle—a spherical shell inside our planet that extends be-
tween about 660-km depth and 2900-km depth. Since its dis-
covery various groups of both computational and experimen-
tal researchers have extensively studied its physical properties,
with a special regard on the elasticity [27]. As all natural min-
erals, this is not a pure phase, with most notably Fe2+, Fe3+,
and Al3+ as major substitutions on the Mg and/or Si sites.

Here we determine the elastic tensors of pure MgSiO3
bridgmanite at pressures corresponding to the Earth’s lower
mantle. This is just to show how efficient the DFPT+PAW
method is for the determination of elastic properties on realis-
tic materials with direct applications.

MgSiO3 bridgmanite has a distorted perovskite structure
with Pnma space group and Z = 4 formula units per unit cell.
We employ a 8 × 8 × 8 grid of special k points, a kinetic en-
ergy cutoff of 30 Ha for the plane waves on the real-space grid,
and of 60 Ha for the grid inside the augmentation regions.

Table VI compares the elastic constants tensor computed
using various methods with the experimental values. The
values obtained in PAW, in both DFPT and FD, are strikingly
similar. They are also globally closer to the experimental
values than the ones obtained within norm-conserving.

TABLE III. Piezoelectric tensor of AlAs in units of
charge/Bohr2 [Eq. (46)]. Comparison between the two
nonvariational expressions, Eqs. (30)–(32) and Eq. (86), in
DFPT.

εαβ k − ∂2Evol
∂εαβ ∂ E⃗k

− ∂2Evol
∂ E⃗k∂εαβ

5 x 0.01036757 0.01036757
4 y 0.01036986 0.01036831
1 z 0.00645215 0.00645173
2 z 0.00645215 0.00645173
3 z − 0.00991493 − 0.00991383

TABLE IV. Elastic tensor of fcc Al in GPa, obtained with DFPT
and FD.

Elastic constant C11 C12 C44

FD 114.36042 60.01343 34.00284
DFPT 114.35981 60.01364 34.00364
Exp. [29] 114.30 61.92 31.62

E. Numerical efficiency of the DFPT implementation

Next we estimate and compare the total walltime necessary
to obtain the full elastic tensor in FD and DFPT. For this,
we consider the Fe16C unit cell, at 320 GPa with 17 atoms
per unit cell and trigonal symmetry. As a result, we need to
compute seven independent elastic constants. All simulations
were performed on 512 CPUs, on the Curie supercomputer at
the French TGCC supercomputing center.

For the FD simulations, this comes down to performing
a minimum of 29 independent structural relaxations, using a
simple 5-points derivative formula. Each of these relaxations
requires about 1400 CPU walltime hours. This makes a total
walltime of about 40000 CPU hours.

For the DFPT simulations, this comes down to performing
one structural relaxation (same 1400 CPU hours), followed
by one full dynamical matrix calculation in ( and six inde-
pendent calculations of strain perturbation, which takes about
800 CPU hours. This makes a total walltime of about 2200
CPU hours.

In this particular case, the ratio is of about 18.5 in favor
of the DFPT. For higher-symmetry systems, this ratio is less
impressive, because of fewer relaxations in FD. However,
for the lower-symmetry ones this ratio becomes much more
important.

V. SUMMARY AND CONCLUSIONS

This study addresses the theoretical development and the
implementation of the response to strain and electric field
within the PAW approach of the DFPT. This implementation
combines the numerical stability and the ease of use of the
DFPT with the high precision and the speed of execution of
the PAW formalism. This paper follows those of Audouze
et al. [11] who developed, for the first time, the PAW ap-
proach in DFPT for the calculation of vibrational properties in
ABINIT, and of Hamann et al. [3] who implemented the for-

TABLE V. Relaxed-ion elastic tensors of Fe16C (in GPa) at 320
GPa. The comparison between the perturbative approach (DFPT) and
the finite difference approach (FD) shows differences on the order of
tens of MPa or less.

C11 C22 C33 C44 C55

FD 127.409 127.444 47.284 25.254 25.244
DFPT 127.428 127.428 47.295 25.244 25.244

C66 C12 C13 C14 C56

FD 41.037 45.339 31.510 −2.739 −2.739
DFPT 41.038 45.351 31.522 −2.739 −2.739

094112-13

PROJECTOR AUGMENTED-WAVE FORMULATION OF … PHYSICAL REVIEW B 99, 094112 (2019)

TABLE II. Born effective charges of AlAs in units of charge
[Eq. (47)]. Comparison between the two nonvariational expressions,
Eqs. (30)–(32) and Eq. (86), in DFPT.

κ k −" ∂2Evol
∂τκk∂ E⃗k

−" ∂2Evol
∂ E⃗k∂τκk

Al x 2.07482486 2.07482525
Al y 2.07482486 2.07482525
Al z 2.22353351 2.22353327
As x − 2.07485811 − 2.07485849
As y − 2.07485811 − 2.07485849
As z − 2.22341484 − 2.22341461

strain systems need to be applied where all the atoms need to
be relaxed.

The relaxed-ion elastic tensors obtained from DFPT and
FD are shown in Table V. The differences between the values
obtained with the two approaches are on the order of tens of
MPa or less, two orders of magnitude smaller than the typical
error bars in this type of simulations.

Then we consider the MgSiO3 perovskite, the mineral
bridgmanite. It is by volume the most important mineral of the
Earth. It forms more than three quarters of the Earth’s lower
mantle—a spherical shell inside our planet that extends be-
tween about 660-km depth and 2900-km depth. Since its dis-
covery various groups of both computational and experimen-
tal researchers have extensively studied its physical properties,
with a special regard on the elasticity [27]. As all natural min-
erals, this is not a pure phase, with most notably Fe2+, Fe3+,
and Al3+ as major substitutions on the Mg and/or Si sites.

Here we determine the elastic tensors of pure MgSiO3
bridgmanite at pressures corresponding to the Earth’s lower
mantle. This is just to show how efficient the DFPT+PAW
method is for the determination of elastic properties on realis-
tic materials with direct applications.

MgSiO3 bridgmanite has a distorted perovskite structure
with Pnma space group and Z = 4 formula units per unit cell.
We employ a 8 × 8 × 8 grid of special k points, a kinetic en-
ergy cutoff of 30 Ha for the plane waves on the real-space grid,
and of 60 Ha for the grid inside the augmentation regions.

Table VI compares the elastic constants tensor computed
using various methods with the experimental values. The
values obtained in PAW, in both DFPT and FD, are strikingly
similar. They are also globally closer to the experimental
values than the ones obtained within norm-conserving.

TABLE III. Piezoelectric tensor of AlAs in units of
charge/Bohr2 [Eq. (46)]. Comparison between the two
nonvariational expressions, Eqs. (30)–(32) and Eq. (86), in
DFPT.

εαβ k − ∂2Evol
∂εαβ ∂ E⃗k

− ∂2Evol
∂ E⃗k∂εαβ

5 x 0.01036757 0.01036757
4 y 0.01036986 0.01036831
1 z 0.00645215 0.00645173
2 z 0.00645215 0.00645173
3 z − 0.00991493 − 0.00991383

TABLE IV. Elastic tensor of fcc Al in GPa, obtained with DFPT
and FD.

Elastic constant C11 C12 C44

FD 114.36042 60.01343 34.00284
DFPT 114.35981 60.01364 34.00364
Exp. [29] 114.30 61.92 31.62

E. Numerical efficiency of the DFPT implementation

Next we estimate and compare the total walltime necessary
to obtain the full elastic tensor in FD and DFPT. For this,
we consider the Fe16C unit cell, at 320 GPa with 17 atoms
per unit cell and trigonal symmetry. As a result, we need to
compute seven independent elastic constants. All simulations
were performed on 512 CPUs, on the Curie supercomputer at
the French TGCC supercomputing center.

For the FD simulations, this comes down to performing
a minimum of 29 independent structural relaxations, using a
simple 5-points derivative formula. Each of these relaxations
requires about 1400 CPU walltime hours. This makes a total
walltime of about 40000 CPU hours.

For the DFPT simulations, this comes down to performing
one structural relaxation (same 1400 CPU hours), followed
by one full dynamical matrix calculation in ( and six inde-
pendent calculations of strain perturbation, which takes about
800 CPU hours. This makes a total walltime of about 2200
CPU hours.

In this particular case, the ratio is of about 18.5 in favor
of the DFPT. For higher-symmetry systems, this ratio is less
impressive, because of fewer relaxations in FD. However,
for the lower-symmetry ones this ratio becomes much more
important.

V. SUMMARY AND CONCLUSIONS

This study addresses the theoretical development and the
implementation of the response to strain and electric field
within the PAW approach of the DFPT. This implementation
combines the numerical stability and the ease of use of the
DFPT with the high precision and the speed of execution of
the PAW formalism. This paper follows those of Audouze
et al. [11] who developed, for the first time, the PAW ap-
proach in DFPT for the calculation of vibrational properties in
ABINIT, and of Hamann et al. [3] who implemented the for-

TABLE V. Relaxed-ion elastic tensors of Fe16C (in GPa) at 320
GPa. The comparison between the perturbative approach (DFPT) and
the finite difference approach (FD) shows differences on the order of
tens of MPa or less.

C11 C22 C33 C44 C55

FD 127.409 127.444 47.284 25.254 25.244
DFPT 127.428 127.428 47.295 25.244 25.244

C66 C12 C13 C14 C56

FD 41.037 45.339 31.510 −2.739 −2.739
DFPT 41.038 45.351 31.522 −2.739 −2.739
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TABLE II. Born effective charges of AlAs in units of charge
[Eq. (47)]. Comparison between the two nonvariational expressions,
Eqs. (30)–(32) and Eq. (86), in DFPT.

κ k −" ∂2Evol
∂τκk∂ E⃗k

−" ∂2Evol
∂ E⃗k∂τκk

Al x 2.07482486 2.07482525
Al y 2.07482486 2.07482525
Al z 2.22353351 2.22353327
As x − 2.07485811 − 2.07485849
As y − 2.07485811 − 2.07485849
As z − 2.22341484 − 2.22341461

strain systems need to be applied where all the atoms need to
be relaxed.

The relaxed-ion elastic tensors obtained from DFPT and
FD are shown in Table V. The differences between the values
obtained with the two approaches are on the order of tens of
MPa or less, two orders of magnitude smaller than the typical
error bars in this type of simulations.

Then we consider the MgSiO3 perovskite, the mineral
bridgmanite. It is by volume the most important mineral of the
Earth. It forms more than three quarters of the Earth’s lower
mantle—a spherical shell inside our planet that extends be-
tween about 660-km depth and 2900-km depth. Since its dis-
covery various groups of both computational and experimen-
tal researchers have extensively studied its physical properties,
with a special regard on the elasticity [27]. As all natural min-
erals, this is not a pure phase, with most notably Fe2+, Fe3+,
and Al3+ as major substitutions on the Mg and/or Si sites.

Here we determine the elastic tensors of pure MgSiO3
bridgmanite at pressures corresponding to the Earth’s lower
mantle. This is just to show how efficient the DFPT+PAW
method is for the determination of elastic properties on realis-
tic materials with direct applications.

MgSiO3 bridgmanite has a distorted perovskite structure
with Pnma space group and Z = 4 formula units per unit cell.
We employ a 8 × 8 × 8 grid of special k points, a kinetic en-
ergy cutoff of 30 Ha for the plane waves on the real-space grid,
and of 60 Ha for the grid inside the augmentation regions.

Table VI compares the elastic constants tensor computed
using various methods with the experimental values. The
values obtained in PAW, in both DFPT and FD, are strikingly
similar. They are also globally closer to the experimental
values than the ones obtained within norm-conserving.

TABLE III. Piezoelectric tensor of AlAs in units of
charge/Bohr2 [Eq. (46)]. Comparison between the two
nonvariational expressions, Eqs. (30)–(32) and Eq. (86), in
DFPT.

εαβ k − ∂2Evol
∂εαβ ∂ E⃗k

− ∂2Evol
∂ E⃗k∂εαβ

5 x 0.01036757 0.01036757
4 y 0.01036986 0.01036831
1 z 0.00645215 0.00645173
2 z 0.00645215 0.00645173
3 z − 0.00991493 − 0.00991383

TABLE IV. Elastic tensor of fcc Al in GPa, obtained with DFPT
and FD.

Elastic constant C11 C12 C44

FD 114.36042 60.01343 34.00284
DFPT 114.35981 60.01364 34.00364
Exp. [29] 114.30 61.92 31.62

E. Numerical efficiency of the DFPT implementation

Next we estimate and compare the total walltime necessary
to obtain the full elastic tensor in FD and DFPT. For this,
we consider the Fe16C unit cell, at 320 GPa with 17 atoms
per unit cell and trigonal symmetry. As a result, we need to
compute seven independent elastic constants. All simulations
were performed on 512 CPUs, on the Curie supercomputer at
the French TGCC supercomputing center.

For the FD simulations, this comes down to performing
a minimum of 29 independent structural relaxations, using a
simple 5-points derivative formula. Each of these relaxations
requires about 1400 CPU walltime hours. This makes a total
walltime of about 40000 CPU hours.

For the DFPT simulations, this comes down to performing
one structural relaxation (same 1400 CPU hours), followed
by one full dynamical matrix calculation in ( and six inde-
pendent calculations of strain perturbation, which takes about
800 CPU hours. This makes a total walltime of about 2200
CPU hours.

In this particular case, the ratio is of about 18.5 in favor
of the DFPT. For higher-symmetry systems, this ratio is less
impressive, because of fewer relaxations in FD. However,
for the lower-symmetry ones this ratio becomes much more
important.

V. SUMMARY AND CONCLUSIONS

This study addresses the theoretical development and the
implementation of the response to strain and electric field
within the PAW approach of the DFPT. This implementation
combines the numerical stability and the ease of use of the
DFPT with the high precision and the speed of execution of
the PAW formalism. This paper follows those of Audouze
et al. [11] who developed, for the first time, the PAW ap-
proach in DFPT for the calculation of vibrational properties in
ABINIT, and of Hamann et al. [3] who implemented the for-

TABLE V. Relaxed-ion elastic tensors of Fe16C (in GPa) at 320
GPa. The comparison between the perturbative approach (DFPT) and
the finite difference approach (FD) shows differences on the order of
tens of MPa or less.

C11 C22 C33 C44 C55

FD 127.409 127.444 47.284 25.254 25.244
DFPT 127.428 127.428 47.295 25.244 25.244

C66 C12 C13 C14 C56

FD 41.037 45.339 31.510 −2.739 −2.739
DFPT 41.038 45.351 31.522 −2.739 −2.739
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energies and Brillouin zone sampling. We especially check for
the charge neutrality as an efficient indication of convergence.
When available we provide also experimental values.

B. Numerical issues

The practical implementation aspects of the computation
of the energy derivatives are highly dependent of the for-
malism. Consequently direct numerical comparisons of the
results are highly challenging. This is particularly true when
the derivatives concern deformations combined with atomic
relaxations and electric fields. The multiple interdependencies
of the various terms, as shown in the big Hessian matrix [27],
may easily induce numerical errors.

In FD we obtain the elastic tensor assuming linear stress-
strain relations. We apply positive and negative deformations
with ϵ and 2ϵ amplitude. The value of ϵ has to be carefully
chosen as it directly controls the precision of the test. It has
to be sufficiently small to ensure that we are in the linear
regime but not too small to avoid round-off errors. In case
of a significant discrepancy between the DFPT and the FD
approaches, the amplitude of the deformation in FD is the
first parameter that has to be questioned. Its optimal value is
strongly system dependent and relies on several factors like
the amplitude of the atomic relaxations.

The deformation of the system due to the application of a
strain generates a change of the real-space grid used to define
the integrals centered on the atoms and to represent the scalar
fields, like densities and potentials. This grid is usually defined
in reduced coordinates related to the primitive vector of the
unit cell. Its deformation can induce large fluctuations for the
integrals. Actually, this lays at the origin of the Pulay contri-
bution to the stresses, a side effect of the grid spacing changes
under strain. In the present case, it makes the numerical check
of the integrals and of the partial derivatives of scalar fields
very complicated. The latter have to be maintained constant
which is not easy with an evolving grid. An interpolation
allows to match the deformed grid to the original one.

In order to validate the implementation of the effective
charges and of the piezoelectric tensors by FD it is necessary
to take a different approach because of the electric field
specificities. There are two alternatives: (i) compute the po-
larizability on different perturbed cells, or (ii) compute small
variations of the forces and/or stresses on cells under varying
electric field. In both cases, it is necessary to carry out PAW
ground state calculations in the formalism of the “Modern
Theory of Polarization”, as implemented in ABINIT [9]. Such
calculations are known to have a poor convergence behavior
with respect to the k-point sampling because they include a
numerical computation of the derivative of the wavefunction
with respect to the k-points. Therefore it is difficult to get a
perfect agreement between DFPT and FD, as shown on Fig 1.

C. Numerical validation on highly symmetric systems

Tables I, II, and III show, respectively, a partial set of the
internal-strain coupling parameters, the Born effective charges
and the clamped-ion piezoelectric tensor of AlAs. They have
been computed using the two nonvariational expressions of
the second-order energy and converged up to between 6 and
9 significant digits. As shown by these tables these two ex-
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FIG. 1. Convergence of the effective charges in AlAs with re-
spect to the Brillouin zone sampling as obtained in both finite
differences and in DFPT.

pressions give the same values, up to many enough significant
digits to validate the formulas and their implementation.

Table IV lists the three independent values of the elastic
tensor of FCC aluminum, obtained with DFPT and FD, clearly
showing the agreement between the two approaches.

In this test involving a metal, we use a specific treatment
of the Fermi energy [28], not discussed in this paper. Indeed,
changes of the lattice parameters affect the grid of G-points
and thus the occupancy of the electronic bands around the
Fermi energy.

D. Validation on low-symmetry systems

To make the validation more complete we consider a struc-
ture with lower symmetry: C-bearing ϵ-iron, a structure that
can potentially be present in the Earth’s solid inner core. [30]
We build a 2 × 2 × 1 super-cell of the hexagonal close packed
(hcp) structure of ϵ-iron, containing 16 Fe atoms and we place
one interstitial carbon atom. The symmetry is reduced from
hexagonal (P63mmc) to trigonal (P − 3m1), and all the atoms
need to be relaxed as they do not occupy anymore special
positions fixed by the symmetry.

The determination of the full elastic tensor requires com-
putation of 7 independent elastic constants. In FD appropriate

TABLE I. Clamped-ion force-strain coupling parameters of
AlAs in reduced coordinates, in Ha. Comparison of the numerical
values obtained with DFPT and FD: −" ∂2Evol

∂τκk∂εαβ
[Eq. (48)].

εαβ κ k FD+PAW DFPT+PAW

1 Al x 0.84452759 0.84452677
2 Al x − 0.84452759 − 0.84452679
3 Al x 0.00000000 0.00000000
4 Al x − 0.40239908 − 0.40239911
5 Al x − 0.69697561 − 0.69697569
6 Al x − 0.48758797 − 0.48758777
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PULAY STRESSES - ECUTSM

§ The Hellmann-Feynman theorem  (or 2N+1 theorem) is only 
valid for the complete basis set.

§ If the plane wave basis set is not complete with respect to 
changes of the volume, the terms in theorem's expression 
containing derivatives of the wavefunction persist.

§ Unless absolute convergence with respect to the basis set has 
been achieved - the diagonal components of the stress tensor 
are incorrect.
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PULAY STRESSES - ECUTSM

See: Bernasconi et a., J. Phys. Chem. Solids 56, 501 (1995)

§ To avoid the Pulay stress, use of ecutsm ABINIT input variable is 
mandatory.

§ It allows one to define an effective kinetic energy for plane waves, 
obtained by multiplying the kinetic energy by a smooth smearing 
function.

§ Using a non-zero ecutsm, the total energy curves as a function of 
ecut can be smoothed, keeping consistency with the stress and 
automatically including the Pulay stress.

§ The recommended value is 0.5 Ha.
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Introduction

laquelle la vitesse VS est nulle (noyau externe), ce qui est caractéristique d’un liquide.
Le modèle PREM sert de référence dans de nombreuses études, comme cela sera le

cas dans ce projet de thèse.
Depuis les années 80, d’autres modèles ont été proposés ; les modèles les plus ré-

cents ne sont pas unidimensionnels comme PREM. La figure 3 représente un modèle
tomographique du manteau [24], qui est une classe différente, car ce type de modèle
s’intéresse à l’anisotropie sismique. Ces récents modèles 3D, permettant de décrire les
variations de la vitesse de propagation des ondes sismiques en fonction de la profondeur,
apportent de nombreuses informations sur la structure du manteau. Ils décrivent bien
plus précisément les différences des structures géologiques, de minéralogie, de chimie,
et de température dans le manteau.

0 2 4 6 8 10 12

0

1000

2000

3000

4000

5000

6000

7000

Vitesse (km/sec)

Pr
of
on

de
ur

(k
m
) Manteau

Noyau externe

Noyau interne

Figure 2 – Modèle PREM, en rouge les ondes VS et en bleu les ondes VP

Figure 3 – Modèle LLNL-G3Dv3 [24], représentation de la vitesse de l’onde (km/h) à
des profondeurs sélectionnées dans le manteau supérieur.
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§ Earth inner core is made of iron and impurities

§ It’s real composition is unknow

§ Observable: seismic waves, giving the sound velocity

§ Try several chemical compositions, compute elastic 
tensor, deduce sound velocity…
… and compare with PREM model (Preliminary 
Reference Earth Model).

3.3. Étude des composants du noyau interne

stable dans les conditions de la graine [79, 80, 81]. C’est celle que nous allons utiliser
dans la suite de l’étude.

Notons que le diagramme de phase du fer n’est pas totalement connu, encore au-
jourd’hui, et notamment pour les conditions thermodynamiques de la graine. La courbe
de fusion, en particulier, fait l’objet de nombreuses recherches, expériences en enclumes
de diamant ou calculs ab initio. La structure hcp du fer peut montrer une aimantation
rémanente à basse pression, mais qui disparaît dans les conditions de pressions caracté-
ristiques de la graine.

Figure 3.1 – Diagramme de phase du fer [73].

Le résultat de nos calculs DFPT+PAW est présenté sur la figure 3.2 montrant les va-
riations de la vitesse de propagation des ondes sismiques VP dans le fer en fonction de la
densité. Nos résultats sont confrontés aux données PREM, à des mesures expérimentales
[16, 82, 79, 83, 84], ainsi qu’à d’autres calculs ab initio [85, 86].

Les valeurs de Murphy [82], d’Ohtani [79], d’Antonangeli [84], de Lin [83], de Fi-
quet [87] sont obtenues à partir d’études expérimentales de diffusion inélastique des
rayons X dans des conditions de température ambiante (⇡300 K). Toutefois, dans l’étude
d’Antonangeli [84], les expériences sont réalisées pour plusieurs températures allant jus-
qu’à 1100 K. Les valeurs proposées par Brado [16] sont quant à elles des valeurs extra-
polées sur des moyennes de toutes les mesures expérimentales. Sur la figure 3.2, on peut
voir que les vitesses VP calculées ici sont plus élevées que les données PREM, mais en
bon accord avec les résultats théoriques de Vocadlo [85] (réalisés avec le code de struc-
ture électronique VASP [88, 89]). Les résultats expérimentaux sont, de manière générale,
plus difficiles à comparer, d’une part parce que la température n’est pas prise en compte,
d’autre part parce que, dans les expériences, les effets de toutes les impuretés sont pré-
sents, et la pression dans les cellules à enclumes de diamants n’est pas complètement hy-
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§ Seismic waves

Longitudinal ➞ VP Transverse ➞ Vs

3.2. Étude des ondes sismiques

3.2 Étude des ondes sismiques

Les ondes sismiques résultant d’un tremblement de terre sont des ondes de nature
élastique. La propagation de ce type d’onde dans un solide correspond à une déformation
induite par une contrainte mécanique dans ce dernier. On distingue dans ce cas, deux
types de perturbations :

• soit la perturbation se déplace dans la même direction que celle de l’onde, cette
onde est dite longitudinale ou onde de compression. Ces ondes sont notées
VP [69] :

• soit la perturbation se déplace perpendiculairement à la direction de propagation
de l’onde, cette onde est dite transversale, ou de onde de cisaillement. Ces ondes
sont notées VS [69] :

Les vitesses de propagation de ces ondes, dites élastiques, sont calculables en fonction du
module d’élasticité isostatique K et du module de cisaillement G :

VP =

s
K + (4G3 )

⇢
et VS =

s
G
⇢

(3.1)

K et G sont des quantités qui peuvent s’exprimer en fonction des constantes élastiques
Cij . La notation de Voigt les définit pour une symétrie hexagonale comme étant :

Kv =
(C11 +C22 +C33) + 2(C12 +C13 +C23)

9
(3.2)

Gv =
(C11 +C22 +C33)� (C12 +C13 +C23) + 3(C44 +C55 +C66)

15
(3.3)
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Chapitre 3. Étude de compositions probables du noyau et du manteau terrestre

drostatique. Ces dernières permettent toutefois de mettre directement en évidence l’effet
de la température sur les vitesses VP et VS. En les comparant aux résultats obtenus à l’aide
de la DFPT, ainsi qu’aux calculs de Vocadlo [85], on remarque que, pour des températures
comprises entre 300 K et 1100 K, l’effet de la température sur les vitesses sismiques n’est
pas significatif.

Pour caractériser l’effet de la température pour des valeurs représentatives des condi-
tions dans le noyau, des approches théoriques sont nécessaires. Sur la figure 3.2 sont
représentés les calculs de Vocadlo [86] qui montrent la variation des vitesses VP en fonc-
tion de la température (pour des valeurs atteignant 5500 K). Ces valeurs ont été obtenues
à l’aide de la dynamique moléculaire qui est une méthode de choix pour simuler les
matériaux en température. La méthode des différences finies peut être appliquée (voir
section 1.6.1) pour calculer des propriétés telles que les constantes élastiques à partir de
la dynamique moléculaire. Le principe est identique à celui utilisé dans les calculs d’états
fondamentaux, à savoir que plusieurs simulations sont à effectuer sur plusieurs cellules
déformées. Ce genre de simulation reste toutefois limité. En effet, il est nécessaire de
thermaliser chaque système et de réaliser un grand nombre de pas de dynamique pour
obtenir une statistique satisfaisante, ce qui peut rapidement devenir couteux. De plus,
toutes les difficultés numériques citées dans le chapitre précédent (taille de système, bri-
sure de symétrie) vont limiter les applications.
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Figure 3.2 – Variation de la vitesse VP en fonction de la densité pour le fer hcp
pur. Les calculs effectués ici sont comparés aux études expérimentales de Murphy
(2013) [82], d’Ohtani [79], d’Antonangeli [84], de Lin [83], de Fiquet [87] ainsi que celles
de Brado [16] et à une étude théorique : Vocadlo (2003) [85]. Les étoiles bleues sont issues
d’une étude ab initio de Vocadlo (2009) [86] et représentent la variation de VP en fonction
de la température à volume constant.
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Chapitre 3. Étude de compositions probables du noyau et du manteau terrestre

3.3.3 Les mélanges étudiés

La position des éléments légers dans la roche est un paramètre qui peut avoir une
influence sur la vitesse de propagation des ondes sismiques. C’est pourquoi nous allons
mener notre étude sur plusieurs configurations.

Afin de simuler une faible concentration d’éléments légers (environ 4%) dans les
structures que nous étudions, nous utilisons une super-cellule dans laquelle plusieurs
atomes de fer vont être substitués par des impuretés. La super-cellule, de taille 2x2x2,
est générée à partir d’une cellule hcp (groupe d’espace P6 3/mmc) avec un motif à deux
atomes. Cette structure permet de conserver les proportions du mélange souhaitées.

La première composition étudiée sera Fe0,97Si0,03 qui contient 3,22% de silicium. Pour
l’obtenir, un atome de fer est remplacé par un atome de silicium dans la super-cellule. La
figure 3.4 est une représentation graphique de cette structure.

Figure 3.4 – Structure hcp de Fe0,97Si0,03. Les atomes de fer sont représentés par des
sphères grises et les atomes de silicium par des sphères bleues. La structure représentée
ici est une représentation 2⇥ 2⇥ 2 de la structure étudiée

Le silicium est un élément qui fait l’objet de plusieurs études dans la littéra-
ture [97, 98, 99, 100]. Celles-ci montrent que la probabilité de sa présence dans le noyau
solide est forte. C’est pourquoi, nous allons l’intégrer dans nos mélanges. Pour les autres
compositions — contenant un atome de silicium et une autre impureté —, nous allons
utiliser le même procédé et construire des structures selon le mêmemodèle. Les positions
préférentielles de l’élément léger additionnel X seront :

• Soit en substitution d’un fer, c’est le cas pour le soufre.
• Soit placé sur un site interstitiel octaédrique. L’hydrogène, le carbone et

l’oxygène en font partie. Cette super-cellule contient alors dix-sept atomes.

108

A. Martin, PhD thesis (2015)

§ Try various simulation cells
With impurities in substitution or interstitial

3.3. Étude des composants du noyau interne

valeur 0,5 est adaptée aux réseaux hexagonaux. Les densités des grilles de l’espace ré-
ciproque ont été choisies après une étude de convergence de la valeur des contraintes
électroniques.

Pour toutes les structures que nous allons étudier, le rayon de coupure de la base
d’ondes planes utilisé pour les fonctions d’onde sera fixé à 30 Hartree (816 eV). Cette
valeur a été déterminée en effectuant une étude de convergence sur la valeur du tenseur
élastique, de manière à garantir une précision de 0,01 GPa. Elle est relativement éle-
vée pour un calcul s’effectuant dans l’approche PAW mais elle se justifie par la présence
éventuelle d’atomes d’oxygène.
En ce qui concerne l’énergie de coupure de la base d’ondes planes utilisée pour les densi-
tés (double grille, ou grille fine), nous avons choisi la valeur de 70 Hartree (1904 eV). Là
encore, la valeur est élevée mais, comme cela a été mentionné dans le chapitre précédent,
elle est nécessaire pour la convergence des intégrales dans l’espace réel.

Le formalisme PAW utilise l’approximation des cœurs gelés. Certains électrons (élec-
trons de cœur) sont figés dans leur état atomique. Les électrons de valence sont expli-
citement traités par abinit. Nous avons choisi d’utiliser un petit cœur pour le fer (en
incluant les électrons de semi-cœur). Pour les autres espèces chimiques, les configura-
tions électroniques sont standards (voir Table 3.1).
Les fichiers de pseudo-potentiel sont disponibles sur le site internet de abinit [93, 94].
Ils ont été produits avec l’utilitaire atompaw [95]. Nous utilisons l’approximation LDA.

Élément [cœur] valence
H [] 1s1

C [1s2] 2s22p2

O [1s2] 2s22p4

Si [1s22s22p6] 3s23p2

S [1s22s22p6] 3s23p4

Fe [1s22s22p6] 3s23p64s13d7

Table 3.1 – Configurations électroniques choisies pour les calculs sur les cellules de fer.

Les compositions et les configurations seront étudiées, dans des conditions statiques
(T=0K), pour des pressions de 160 GPa, 240 GPa, 320 GPa et 400 GPa. Dans ces domaines
de hautes pressions, un recouvrement des régions d’augmentation PAW peut se produire,
ce qui n’est théoriquement pas autorisé. Nous n’avons pas constaté, dans cette étude, de
recouvrement supérieur à 6%, ce qui reste acceptable car n’ayant pas d’influence sur les
résultats.

La température électronique est fixée par la méthode du “Cold Smearing” [96],
dont le paramètre de “smearing” a donc été fixé à 0,02 Ha. Ceci est un paramètre de
convergence numérique et ne représente pas la véritable température électronique.
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Fe0.97X0.03

3.3. Étude des composants du noyau interne

Pour les compositions contenant de l’hydrogène, du carbone ou de l’oxygène, le site inter-
stitiel octaédrique se trouve en (x,y,z) = (0,0,0). Dans cette configuration, il est possible
de placer le silicium, soit proche de ce site interstitiel (figure 3.5a), soit éloigné (figure
3.5b).

Dans la suite, la configuration 3.5a est notée proche et 3.5b est notée distant.

(a) (b)

Figure 3.5 – Représentation des deux configurations étudiées de la structure
Fe0,97Si0,03X avec X positionné dans un site interstitiel. Sur la figure (a), Si et X sont
proches, sur la figure (b), ils sont distants. Les atomes de fer sont représentés par des
sphères grises, les atomes de silicium par des sphères bleues et les éléments X par des
sphères rouges.

Pour les compositions contenant un plus grand pourcentage de silicium ou de soufre,
les atomes Si et X vont être placés soit dans le plan basal, soit dans un plan différent.
De plus, la distance séparant les deux atomes est un paramètre qui peut avoir une in-
fluence sur les propriétés élastiques. C’est pourquoi, pour chacune de ces distributions,
les atomes Si et X peuvent être placés à différentes distances. Au final, pour ces mélanges
à forte concentration de silicium, trois configurations seront étudiées :

Dans la suite de ce mémoire, la notation utilisée sera la suivante : proche - plan
correspond à la configuration 3.6a, proche correspond à la configuration 3.6b et distant
correspond à la configuration 3.6c.
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§ Simulation cell : Fe16C
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TABLE II. Born effective charges of AlAs in units of charge
[Eq. (47)]. Comparison between the two nonvariational expressions,
Eqs. (30)–(32) and Eq. (86), in DFPT.

κ k −" ∂2Evol
∂τκk∂ E⃗k

−" ∂2Evol
∂ E⃗k∂τκk

Al x 2.07482486 2.07482525
Al y 2.07482486 2.07482525
Al z 2.22353351 2.22353327
As x − 2.07485811 − 2.07485849
As y − 2.07485811 − 2.07485849
As z − 2.22341484 − 2.22341461

strain systems need to be applied where all the atoms need to
be relaxed.

The relaxed-ion elastic tensors obtained from DFPT and
FD are shown in Table V. The differences between the values
obtained with the two approaches are on the order of tens of
MPa or less, two orders of magnitude smaller than the typical
error bars in this type of simulations.

Then we consider the MgSiO3 perovskite, the mineral
bridgmanite. It is by volume the most important mineral of the
Earth. It forms more than three quarters of the Earth’s lower
mantle—a spherical shell inside our planet that extends be-
tween about 660-km depth and 2900-km depth. Since its dis-
covery various groups of both computational and experimen-
tal researchers have extensively studied its physical properties,
with a special regard on the elasticity [27]. As all natural min-
erals, this is not a pure phase, with most notably Fe2+, Fe3+,
and Al3+ as major substitutions on the Mg and/or Si sites.

Here we determine the elastic tensors of pure MgSiO3
bridgmanite at pressures corresponding to the Earth’s lower
mantle. This is just to show how efficient the DFPT+PAW
method is for the determination of elastic properties on realis-
tic materials with direct applications.

MgSiO3 bridgmanite has a distorted perovskite structure
with Pnma space group and Z = 4 formula units per unit cell.
We employ a 8 × 8 × 8 grid of special k points, a kinetic en-
ergy cutoff of 30 Ha for the plane waves on the real-space grid,
and of 60 Ha for the grid inside the augmentation regions.

Table VI compares the elastic constants tensor computed
using various methods with the experimental values. The
values obtained in PAW, in both DFPT and FD, are strikingly
similar. They are also globally closer to the experimental
values than the ones obtained within norm-conserving.

TABLE III. Piezoelectric tensor of AlAs in units of
charge/Bohr2 [Eq. (46)]. Comparison between the two
nonvariational expressions, Eqs. (30)–(32) and Eq. (86), in
DFPT.

εαβ k − ∂2Evol
∂εαβ ∂ E⃗k

− ∂2Evol
∂ E⃗k∂εαβ

5 x 0.01036757 0.01036757
4 y 0.01036986 0.01036831
1 z 0.00645215 0.00645173
2 z 0.00645215 0.00645173
3 z − 0.00991493 − 0.00991383

TABLE IV. Elastic tensor of fcc Al in GPa, obtained with DFPT
and FD.

Elastic constant C11 C12 C44

FD 114.36042 60.01343 34.00284
DFPT 114.35981 60.01364 34.00364
Exp. [29] 114.30 61.92 31.62

E. Numerical efficiency of the DFPT implementation

Next we estimate and compare the total walltime necessary
to obtain the full elastic tensor in FD and DFPT. For this,
we consider the Fe16C unit cell, at 320 GPa with 17 atoms
per unit cell and trigonal symmetry. As a result, we need to
compute seven independent elastic constants. All simulations
were performed on 512 CPUs, on the Curie supercomputer at
the French TGCC supercomputing center.

For the FD simulations, this comes down to performing
a minimum of 29 independent structural relaxations, using a
simple 5-points derivative formula. Each of these relaxations
requires about 1400 CPU walltime hours. This makes a total
walltime of about 40000 CPU hours.

For the DFPT simulations, this comes down to performing
one structural relaxation (same 1400 CPU hours), followed
by one full dynamical matrix calculation in ( and six inde-
pendent calculations of strain perturbation, which takes about
800 CPU hours. This makes a total walltime of about 2200
CPU hours.

In this particular case, the ratio is of about 18.5 in favor
of the DFPT. For higher-symmetry systems, this ratio is less
impressive, because of fewer relaxations in FD. However,
for the lower-symmetry ones this ratio becomes much more
important.

V. SUMMARY AND CONCLUSIONS

This study addresses the theoretical development and the
implementation of the response to strain and electric field
within the PAW approach of the DFPT. This implementation
combines the numerical stability and the ease of use of the
DFPT with the high precision and the speed of execution of
the PAW formalism. This paper follows those of Audouze
et al. [11] who developed, for the first time, the PAW ap-
proach in DFPT for the calculation of vibrational properties in
ABINIT, and of Hamann et al. [3] who implemented the for-

TABLE V. Relaxed-ion elastic tensors of Fe16C (in GPa) at 320
GPa. The comparison between the perturbative approach (DFPT) and
the finite difference approach (FD) shows differences on the order of
tens of MPa or less.

C11 C22 C33 C44 C55

FD 127.409 127.444 47.284 25.254 25.244
DFPT 127.428 127.428 47.295 25.244 25.244

C66 C12 C13 C14 C56

FD 41.037 45.339 31.510 −2.739 −2.739
DFPT 41.038 45.351 31.522 −2.739 −2.739
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Chapitre 3. Étude de compositions probables du noyau et du manteau terrestre

Par ailleurs, l’effet du carbone sur les vitesses VS n’est pas assez important pour un
ajustement sur PREM.
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Figure 3.18 – Variation de la vitesse VP des structures hcp Fe, Fe0,97Si0,03 et
Fe0,96Si0,03C0,01 en fonction de la densité.
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Figure 3.19 – Variation de la vitesse VS des structures hcp Fe, Fe0,97Si0,03 et
Fe0,96Si0,03C0,01 en fonction de la densité.
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Les figures 3.21 et 3.22 représentent les variations, en fonction de la densité, de VP

et VS calculées pour Fe0,95Si0,03O0,02 et comparées à celles du fer et de Fe0,97Si0,03. Dans
ces graphiques, nous observons que :

• La position relative des atomes de silicium et d’oxygène dans le fer a un effet non
négligeable sur les vitesses de propagation. La différence entre les deux configu-
rations est de 1,1% (⇡ 0,13 km/s) pour VP et de 4,4% (⇡ 0,24 km/s) pour VS.

• L’ajout de 1,8% d’oxygène dans Fe0,97Si0,03 a pour effet d’augmenter la vitesse VP

de 0,1% (⇡ 0,11 km/s), pour la configuration où les atomes de silicium sont dis-
tants, et de 1,95% (⇡ 0,23 km/s) lorsqu’ils sont proches.
Par rapport au fer pur, l’ajout de 1,8% d’oxygène et de 3,8% de silicium augmente
la vitesse VP de 3,64% (⇡ 0,42 km/s) pour la première configuration (atomes dis-
tants) et de 4,69% (⇡ 0,54 km/s) dans la seconde (atomes proches).

• L’ajout de 1,8% d’oxygène dans Fe0,97Si0,03 a pour effet de diminuer la vitesse VS

de 2,54% (⇡ 0,15 km/s), pour la configuration où les atomes de silicium sont dis-
tants, et de 6,79% (⇡ 0,40 km/s) lorsqu’ils sont proches.
Par rapport au fer pur, l’ajout de 1,8% d’oxygène et de 3,8% de silicium augmente
la vitesse VP de 4,8% (⇡ 0,29 km/s) pour la première configuration (atomes dis-
tants) et de 8,95% (⇡ 0,54 km/s) dans la seconde (atomes proches).
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Figure 3.21 – Variation de la vitesse VP des structures hcp Fe, Fe0,97Si0,03 et
Fe0,95Si0,03O0,02 en fonction de la densité.
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TABLE VI. Elastic constants (in GPa) and sound velocities (in
km/s) of MgSiO3 perovskite at 0 GPa.

Ci j C11 C22 C33 C44 C55

DFPT+NC 512 579 488 213 181
FD+PAW 482 549 457 201 176
DFPT+PAW 482 549 457 201 176
S.V. Sinogeikin (exp.)[31] 481 528 456 200 182
Y.Haeri (exp.)[32] 482 537 485 186 186
Ci j C66 C13 C32 C12 Vp Vs

DFPT+NC 166 153 167 162 11.21 6.63
FD+PAW 156 137 150 137 10.85 6.49
DFPT+PAW 156 137 150 137 10.85 6.49
S.V. Sinogeikin (exp.)[31] 147 139 146 125 10.84 6.47
Y.Haeri (exp.) [32] 147 147 146 144 11.04 6.57

mulation of the metric tensor and the calculation of the elastic
properties in DFPT for norm-conserving pseudopotentials.

As in Hamann et al. [3], the central idea of our study is the
development of the derivatives in terms of the metric tensor.
The coupling of the strain perturbation with the electric field
perturbation yields the piezoelectric tensors; the coupling with
the atomic displacements provides the clamped and relaxed
tensors. Because the PAW specificities, the formulation be-
comes more complicated than in the norm-conserving case.

Numerical tests show that the current implementation is
robust and highly comparable to the standard stress-strain FD
approach. An important aspect is to ensure a thorough k-point
sampling of the Brillouin zone, because of the coupling with
the electric field perturbations. However, the convergence is
achieved faster than in the FD case.

The current implementation allows fast and accurate calcu-
lations of the elastic and related tensors even for large systems
with low symmetry, as shown by initial test calculations on
materials of geophysical interest with realistic compositions.
Numerical comparisons on perovskite and iron supercells with
impurities show that the ABINIT code can now be used on
such systems containing a few tens of atoms. DFPT calcula-
tions are faster than conventional FD ones. It will therefore
be possible to compute large cells, necessary to achieve low
dilution rates.
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APPENDIX A: DERIVATIVES OF THE NON-LOCAL
PROJECTORS IN A PLANE WAVE BASIS

1. Nonlocal energy

The contribution of the non-local operator to the energy is

Enl =
∑

n

∑

κ,i j

〈
ψ̃ (0)

n

∣∣ p̃κ
i

〉(
Dκ

i j − ϵnsκ
i j

)〈
p̃κ

j

∣∣ψ̃ (0)
n

〉
, (A1)

In this section, i and j indexes do not include the atom index
κ and run only over l, m, n angular momenta.

The nonlocal projectors are expressed in terms of spherical
harmonics:

p̃κ
i (r) =

plini
(r)

r
Ylimi (̂r). (A2)

For the sake of brevity, we introduce the following nota-
tions:

V κ
n,i j = Dκ

i j − ϵnsκ
i j,

χκ
n,i =

〈
p̃κ

i

∣∣ψ̃ (0)
n

〉
.

(A3)

Note that in the usual case (collinear magnetism), we have
V κ

n,i j = V κ
n, ji. Using these notations, the nonlocal energy is

rewritten:

Enl =
∑

n

∑

κ,i j

V κ
n,i jχ

κ
n,i

∗χκ
n, j = 2

∑

n

∑

κ,i j

V κ
n,i jℜ

[
χκ

n,i
∗χκ

n, j

]

(A4)
The generalization to the non-collinear magnetism can be

achieved using the hermiticity of V κ
n,i j scalars.

In this Appendix, we consider only the contributions to
the nonlocal energy from the derivatives of the projectors.
The wave functions are frozen. The contributions from V κ

n,i j
derivatives have been detailed in Secs. III A 4 and III B 3. In
these conditions, we consider the following partial derivatives
of the nonlocal energy (λi runs over τκk , αβ and k j):

∂Enl

∂λ1
=

∑

n

∑

κ,i j

V κ
n,i j

〈
ψ̃ (0)

n

∣∣∂
∣∣ p̃κ

i

〉〈
p̃κ

j

∣∣

∂λ1

∣∣ψ̃ (0)
n

〉
,

∂2Enl

∂λ1∂λ2
=

∑

n

∑

κ,i j

V κ
n,i j

〈
ψ̃ (0)

n

∣∣∂
∣∣ p̃κ

i

〉〈
p̃κ

j

∣∣

∂λ1∂λ2

∣∣ψ̃ (0)
n

〉
.

(A5)

They involve the partial derivatives of χκ
n,i factors:

∂χκ
n,i

∂λ1
=

〈
∂ p̃κ

i

∂λ1

∣∣∣∣ψ̃
(0)
n

〉
,

∂2χκ
n,i

∂λ1∂λ2
=

〈
∂2 p̃κ

i

∂λ1∂λ2

∣∣∣∣ψ̃
(0)
n

〉
.

(A6)

2. Nonlocal form factors and their derivatives

On a plane-wave basis, the χκ
n,i factors are developed as

follows:

χκ
n,i = 4π√

+
ili

∑

G

Cn
G e2π iK·τκ F κ

limini
(K). (A7)

Where the F κ
limini

(K) are named nonlocal form factors,
Cn

G = ⟨G|ψ̃ (0)
n ⟩ and K = k + G.

The nonlocal form factors have a radial and an angular part
defined as

F κ
lmn(K) = Ylm(K̂) f κ

nl (K ), (A8)

with

f κ
nl (K ) =

∫
pκ

ln(r) jl (Kr)rdr. (A9)

jl (x) are the first-order spherical Bessel functions.
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3.4. Étude des composants du Manteau terrestre

3.4 Étude des composants du Manteau terrestre

Cette partie est consacrée à une étude préliminaire de l’effet de l’aluminium sur les
vitesses des ondes sismiques dans la perovskite MgSiO3.

Cette étude nous permet de mettre en avant tous les avantages de la DFPT : le système
étudié ici est de grande taille et ne contient pas, ou très peu, de symétries.

L’influence de l’aluminium sur l’élasticité de la perovskite MgSiO3 a été mesurée,
pour la première fois, par une étude expérimentale menée par J. Zhang et collabora-
teurs [105]. Ces derniers montrent que l’ajout de l’aluminium change la compressibilité
de cette perovskite et en concluent que cet élément a un effet important sur les vitesses
des ondes sismiques. De ce fait, il est nécessaire de le prendre en compte dans la compo-
sition des roches du manteau. Depuis ces travaux, de nombreuses autres études expéri-
mentales ont été publiées sur le sujet. L’effet de l’aluminium sur les propriétés élastiques
de la perovskite MgSiO3 a ainsi pu être mise en évidence [106, 107, 67, 108].

Il existe plusieurs mécanismes de substitution pour incorporer l’aluminium [109,
110, 111]. Dans le premier cas, un atome de magnésium et un atome de silicium sont
chacun substitués par un atome d’aluminium (Mg2++Si4+<=>2Al3+). Dans le second,
deux atomes de silicium sont substitués par des atomes d’aluminium. Dans ce cas, un site
contenant un atome d’oxygène est laissé vacant (2Si4++O2�<=>2Al3+), afin de conserver
la neutralité de charge.

(a) (b)

Figure 3.23 – Représentation des deux configurations étudiées de la structure
Mg15Si15Al2O48. Les deux atomes d’aluminium peuvent être proches (a) ou distants (b).
Les atomes de magnésium sont représentés par des sphères roses, les atomes de sili-
cium par des sphères bleues, les atomes d’oxygène par des sphères blanches et les atomes
d’aluminium par des sphères jaunes.

Dans le cadre de cette thèse, seul le premier mécanisme de substitution, avec une
seule composition, est étudié. Il y a cependant plusieurs configurations possibles pour
placer les deux atomes d’aluminium à la place du silicium et du magnésium.
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reportés dans le tableau 3.6.
Dans le cas du cristal pur, la charge de chaque atome est proche de la valeur nomi-

nale (Mg2+,Si4+,O2�). La substitution des atomes de magnésium et de silicium par un
atome de silicium n’a pas d’effet notable sur les charges effectives. De plus, la position
des atomes d’aluminium dans le cristal n’a pas non plus d’influence sur les charges ef-
fectives.

Atome : x y z
Mg 2,02 1,95 2,12
Si 3,66 3,74 3,67
O1 -1,70 -1,55 -2,44
O2 -1,99 -2,07 -1,67
O3 -1,99 -2,07 -1,67

(a) pv MgSiO3

Atome : x y z
Mg 1,85 2,14 2,00
Si 3,79 2,99 3,51
O1 -1,49 -1,55 -2,24
O2 -2,08 -1,79 -1,67
O3 -2,08 -1,79 -1,59
(b) pPv MgSiO3 J.Tsuchiya [113]

Atome : x y z
Al1 3,03 2,90 3,20
Al2 2,80 2,91 2,82
Mg 2,03 1,85 2,13
Si 3,63 3,72 3,67
O1 -1,73 -1,53 -2,44
O2 -2,00 -2,12 -1,68
O3 -2,01 -2,08 -1,68

(c) Mg15Si15Al2O48 configuration
proche

Atome : x y z
Al1 2,97 2,90 3,20
Al2 2,83 2,85 2,79
Mg 2,06 1,91 2,12
Si 3,59 3,77 3,69
O1 -1,73 -1,51 -2,42
O2 -2,01 -2,06 -1,68
O3 -1,89 -2,02 -1,71

(d) Mg15Si15Al2O48 configuration dis-
tante

Table 3.6 – Charges effectives de la perovskite MgSiO3 dopée à l’aluminium. Le tableau
(a) présente les charges effectives à 120 GPa calculées par DFPT. Le tableau (b) est issu
d’une étude de J.Tsuchiya et collaborateurs [113] sur une post-perovskite. Les tableaux
(c) et (d) contiennent les charges effectives de la perovskite contenant 3,36% d’aluminium
dans les deux configurations.

L’influence de l’aluminium dans MgSiO3 sur les vitesses VP et VS est représenté sur
les figures 3.27 et 3.28. On remarque sur ces graphiques que :

• La position relative des atomes d’aluminium dans la structure n’a pas d’influence
sur les vitesses VP et VS.

• La présence d’aluminium a pour effet de baisser les vitesses VP de 0,36%
(⇡ 0,05km/s) et VS de 0,65% (⇡ 0,05km/s).

En comparaison avec les données PREM du manteau, l’amplitude de ces variations
est qualitativement correcte, mais elle n’est pas assez importante pour un ajustement sur
les données sismiques. Nous pouvons en conclure que l’aluminium est un élément qui a
un effet favorable.

Notre étude étant à un stade préliminaire. Pour aller plus loin, il est maintenant lo-
gique d’associer l’aluminium avec d’autres impuretés. Le fer [114, 115, 116] et les espèces
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OH� sont des éléments également étudiés qui pourraient entrer dans la composition des
roches du manteau terrestre.
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Figure 3.27 – Variation de la vitesse VP de la structure Mg15Si15Al2O48 en fonction de
la densité.
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Figure 3.28 – Variation de la vitesse VS de la structure Mg15Si15Al2O48 en fonction de
la densité.

132



ABINIT School 2019 – Sept. 2-6, 2019Commissariat à l’énergie atomique et aux énergies alternatives

WHAT ABOUT PERFORMANCES?
DFPT+STRAIN VS FINITE DIFFERENCES

§ Fe16C unit cell at 320 Gpa, trigonal symmetry
§ 7 independent elastic constants to compute
§ Curie supercomputer (french TGCC computing center)
§ 512 CPUs

Finite differences

§ 5-point formula
§ 29 independent structural relaxations
§ 1400 CPU walltime hours per relaxation

Total : 40 000 CPU hours

DFPT

§ 1 structural relaxation
§ 1400 CPU walltime hours per relaxation
§ 6 strain RF calculations (80 hours)

Total : 2 200 CPU hours

Ratio can change according to the number of symmetries…
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Conclusion
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AND NOW… TRY IT!

61

§ Response to electric field ans strain almost fully 
available in ABINIT

§ ABINIT is the only DFT code giving access to an 
analytical calculation of elastic and piezoelectric 
tensors

§ Easy to use (no q-points, etc.)

§ Norm-conserving pseudo-potentials
Projector Augmented-Wave
(Elastic tensor+GGA not available within PAW)

§ Try “Hands on” on Elastic Properties tutorial
to learn more…
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