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Born-Oppenheimer energy 

•  General problem : 
Solid : interacting electrons and nuclei 

•  Born-Oppenheimer approximation Mκ >>me → Ti(R) 

Ee+i

RRκ
a

ABINIT total energy Etot(R) 
corresponds to the Born-
Oppenheimer energy Ee+i(R)  
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Phonons: harmonic approximation 
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•  Interatomic Force Constant (IFC) : 
-  κ ≠ κ’ : Cκκ’ = - Kκκ’ 
-  κ = κ’ : Cκκ = -Σ’Cκκ’ 

Configuration space with 
3 x Nat degrees of freedom 
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Eigenmodes of vibration 

“Generalized” eigenvalue problem 

•  Equation of motion : 

•  Solution : 



6

Dynamical equation 
Classical eigenvalue problem 

•  If we define :  

Dynamical equation 



7

Frequencies and eigendisplacements 

Dynamical matrix 

Phonon eigenvector 

Phonon eigendisplacement 

Phonon frequency 

Second energy derivatives from DFPT  

ANADDB
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From atom to phonon basis 

m-bands : 3xnat 
q-points : NxNxN grid 

NxNxN supercell 
3xnatxN3 degrees of freedom 4
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FIG. 1: Calculated phonon dispersion curves of BaTiO3 (a), CaTiO3 (b), BaZrO3 (c) and CaZrO3(d) along di↵erent high-symmetry
lines in the simple cubic Brillouin zone. Negative values of frequencies refer to imaginary frequencies (! are in cm�1). The di↵erent colors
indicate the di↵erent atomic contributions in the corresponding eigenvectors as in Ref.19 (red for the A atom, green for B atom and blue
for O atoms).

towards the edge points, this correlation is broken along
one direction at time up to the R-point, where the polar
instability disappears.

In Table III, we report the eigendiplacements associ-
ated to the unstable F1u(TO1) mode and to the stable
F1u(TO2) and F1u(TO3) ones as well as the related mode
e↵ective charges, as described in Ref.8. We observe that
the polarity is stronger in the firt optical unstable mode
than in the other ones. This means that the contribution
of the long-range dipole-dipole interaction in the dynam-
ics mainly a↵ects this mode by causing a relevant mode
e↵ective charges Z̄⇤

TO1
. In particular, the very anomalous

Born e↵ective charges on Ti and Ok combined to the
specific pattern of eigendiplacements associated to this
mode results in large spontaneous polarization, while for
the TO2 and TO3 modes, the motion is coupled so that
it minimizes the global e↵ect.

2. CaTiO3

CaTiO3 displays two main instabilities related to an-
tiferrodistortive (AFD) modes at the R and M points of
the cubic Brillouin zone, with lowest associated phonon
frequencies of about ! ' 209i cm�1 and ! ' 198i cm�1

respectively. Nevertheless, the instability at �, with
! ' 136i cm�1, still allows for possible intermediate po-
lar phases.

We notice that the M -instability appearing in the

phonon spectrum is a continuation of the antiferrodis-
tortive instability at the R-point, due to pure rotations
of the oxygen octahedra, while in BaTiO3 it is a continu-
ation of the polar instability at �. Moreover, the flatness
of the R�M dipersion curve is the fingerprint of non in-
teracting oxygens’ planes. A detailed description of such
AFD-instabilities is reported in Ref.28.
An other significant di↵erence between the two com-

pounds is the character of the unstable polar mode. As it
is clear from the eigendisplacements reported in table III
and the red character of such branch in Fig. 1(b), the in-
stability in CaTiO3 is mostly due to the motion of Ca in
the A-site against the oxygens cage with a small contribu-
tion of Ti, whereas in BaTiO3 is totally due to the motion
of the latter cation. Despite this important involvement
of the A-cation in the polar distortion, the associated dy-
namical e↵ective charge is not anomalous in comparison
to the one of the B-site. This suggest that the reason
is purly structural. In fact, we already mentioned that
calcium titanite is characterized by t < 1 and the volume
of the cubic cell is smaller than the one of barium titanite
because of the reduced size of the Ca-ionic radius, that
allows its distortion in the cubic perovskite structure. As
a consequence, also the specific role of the anions in the
distortion is inverted with respect the BaTiO3 case, as
most of the oxygens motion is due to the O2/3 lying on
the same plane containing the B-cation (see Table I).
Finally, the � � R branch displays a much weaker

dispersion than the corresponding branch in BaTiO3,

ωq
m, ηq

m

Commensurate  
with 

u
κα
a =η

κα
k ⋅eik.Ra

Phonon modes on the N3 grid  
are orthogonal to each others 
and form a complete basis for  
the atomic displacements in the 
N3 supercell  
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From atom to phonon basis 

u1   = (1  ,  0) 

u2   = (0  ,  1) 

η1   = (1  ,   1) √2/2 

η2   = (-1  ,  1) √2/2 

Atom basis Phonon basis 

u1 

u2 η1 η2 
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From atom to  
3xNat phonons form a complete basis : uκα
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Change of basis 
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1. Crystal = a collection of independent 
harmonic oscillators è phonons 
2. ω2 = curvature of Ee+i along a given 
phonon direction. 

3xNat phonons form a complete basis : uκα
a = qi  ηκα
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Imaginary phonon frequencies 

•  Imaginary phonon frequencies (ω2<0) are associated 
to structural instabilities. 

•  η provides the direction to follow in order to reach the 
lower symmetry phase 

 η 



Projection on phonon modes 
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Motivation 

•  In crystals showing a displacive phase 
transition (like mode ABO3 perovskites), the 
low symmetry phase appears as a small 
distortion of a (eventually hypothetical) high- 
symmetry reference. 

•  It is possible to analyse the atomic distortion  
in the low symmetry phase by projecting on 
the phonon of the high-symmetry phase and 
get many insight on the phase transition 

Cubic 
reference

Distorted
phase

ê Δ 
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Mode-by-mode decomposition 

Δ

Δ = αiηi
i
∑ = A cosθ i  ηi

i
∑

η j M Δ = αi η j M ηi
i
∑ =α j = Acosθ j

Δ M Δ = αi
2

i
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2
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Compute distortion vector Δ : 
•  in reduced coordinates 
•  fixing CM 

Mode contribution : 

η1 

η2 

θ1

Δ
A

θ2

    α1
= A cosθ1

α2

Typically we can report : 
 
-  The amplitude of each mode:  αi 
-  The distortion amplitude : A  
-  The relative mode contribution : cos θi
-   
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Ferroelectric distortion BaTiO3 DANILA AMOROSO, ANDRÉS CANO, AND PHILIPPE GHOSEZ PHYSICAL REVIEW B 97, 174108 (2018)

FIG. 3. Calculated phonon dispersion curves of BaTiO3 (a), CaTiO3 (b), BaZrO3 (c), and CaZrO3 (d) along different high-symmetry lines
in the simple cubic Brillouin zone. Negative values of frequencies refer to imaginary frequencies (ω are in cm−1). The different colors indicate
the different atomic contributions in the corresponding eigenvectors as in Ref. [9] (red for the A atom, green for B atom and blue for O atoms).

description of the phonon dispersion curves reproduced in
Fig. 3.

1. BaTiO3

Ferroelectricity in BaTiO3 is known to be related to the
Ti off-centering driven by an unstable polar mode at "
[9,25]. This ferroelectric (FE) instability is such that it expand
over the entire "-X-M planes of the simple cubic Brillouin
zone, as can be seen in Fig. 3(a). While each atom is at a
position stable against individual displacements (Table IV),
the origin of this distortion has to be primarily ascribed to
the destabilizing Ti-O interaction, reflected in the positive
value of the interatomic force constant along the bond’s
direction (Table V). An additional contribution comes from
the strong interaction of subsequent Ti-atoms along the B-B ′

chain direction compared to the small value in the transverse
component. These anisotropic couplings give rise to a branch
of unstable modes almost flat in the "-X-M plane and highly
dispersive along "-R. This reflects the chain-like nature of the
instability in real space. The polar distortion requires coopera-
tive atomic displacement along Ti-O chains [25]. Furthermore,
the negligible contribution of Ba atom to the ferroelectric
distortion, has to be ascribed to its sizable on-site force constant
and very weak Ba-O1 coupling.

In Table III, we also compare the eigendisplacements
associated to the unstable F1u(TO1) mode to those of the
stable F1u(TO2) and F1u(TO3) ones and we report the related
mode effective charges, as described in Ref. [10]. The mode

effective charge is giant for the unstable mode in comparison to
the others [36,38]. In fact, the very anomalous Born effective
charges on Ti and O∥ combined through the specific pattern
of eigendisplacements associated to the TO1 mode in order to
produce a large spontaneous polarization, while for the TO2
and TO3 modes, the motions are coupled so that Ti and O
generate polarizations that partly compensate.

2. CaTiO3

CaTiO3 displays two main nonpolar instabilities at the R
and M points of the cubic Brillouin zone related to anti-
ferrodistortive (AFD) motions (ω ≃ 209i and ≃198i cm−1,
respectively). These correspond to cooperative rotations of
oxygen octahedron, around the B atoms, with consecutive
octahedron along the rotation axis being in-phase at M (a0a0c+

in Glazer’s notation [39]) and antiphase at R (a0a0c−). As
such, the M instability appearing in the phonon spectrum is
a continuation of the instability at R, while in BaTiO3 it is a
continuation of the polar instability at ". A detailed description
of such AFD instabilities is reported in Ref. [40].

In addition, there is an unstable mode at the " point that
is also polar. This FE instability is now restricted to a region
around the " point highlighting a larger and more isotropic
ferroelectric correlation volume. This mode enables the con-
densation of a polar distortion. However, the character of the
corresponding ferroelectricity is rather different compared to
that in BaTiO3 where it is dominated by the Ti displacements
(B-site ferroelectricity). In fact, in CaTiO3, this instability
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TABLE VIII. Overlap matrix between the total distorsion τ of
the three optimized polar structures and the eigendisplacements ηi

associated to the F1u(TO) modes of the optimized cubic phase,
⟨ηi |M|τ ⟩ = αi . The distortion τ has been normalized such that
⟨τ |M|τ ⟩ = 1, with M in atomic mass units, and results to be defined
as τ =

∑
i=1,2,3 αiηi , with |τ | =

√
⟨τ |M|τ ⟩. Since BaZrO3 has no

polar instabilities, we reported results only for BaTiO3, CaTiO3, and
CaZrO3.

P 4mm Amm2 R3m

BaTiO3

|τ | 0.188 0.209 0.214
F1u(TO1) 0.993 0.975 0.971
F1u(TO2) 0.110 0.087 0.129
F1u(TO3) 0.032 0.194 0.228

CaTiO3

|τ | 0.601 0.478 0.435
F1u(TO1) 0.985 0.970 0.970
F1u(TO2) −0.171 −0.203 −0.199
F1u(TO3) 0.033 0.129 −0.143

CaZrO3

|τ | 0.903 0.886 0.868
F1u(TO1) 0.976 0.910 0.897
F1u(TO2) −0.060 0.202 −0.208
F1u(TO3) −0.067 −0.336 −0.197

3. CaZrO3

In CaZrO3, the energy sequence of both the polar and
AFD phases is the same as CaTiO3, but they are shifted
down in energy becoming very spread. The AFD Pnma
ground-state is lower by about −1 eV/f.u. than the Pm3̄m
phase. This is in tune with the very high transition temperature
experimentally observed for the sequence Pm3̄m → Pnma,
even if the phonon frequencies related to the unstable modes
are close to the ones in CaTiO3.

4. BaZrO3

For BaZrO3, we found competitive R3̄c (a−a−a−), Imma
(a0b−b−), and I4/mcm (a0a0c−) antiferroditortive structures.
According to the very tiny value of the instability [Fig. 3(c)],
the condensation of the oxygen rotations provides an energy
gain relative to the cubic phase of about ≃2.5 meV per f.u.,
while the three distorted phases have an energy that differs by
less than 0.2 meV/f.u. In spite of the negligible energy gain,
the amplitude of the AFD distortion is significant. The biggest
distortion is appearing in the tetragonal phase with an angle of
rotation of ∼4◦ about the [001] direction.

5. Polar modes and ferroelectric phases

In order to interlock the optimized polar structures with the
lattice dynamics, we evaluated the contribution of each polar
mode to the condensed distortion. The overlap matrix is
reported in Table VIII. It is interesting to notice that the three
ferroelectric states are mostly due to the condensation of the
unstable optical mode for all the three perovskites BaTiO3,
CaTiO3, and CaZrO3, so that it is possible to establish a
nearly one-to-one correspondence with the pattern of distortion

associated to the unstable TO1 mode and the displacements as
obtained from the structural optimization, while the contribu-
tion of the TO2 and TO3 modes remains very small.

An important remark is the huge difference in the total
distortion τ between BaTiO3 and the Ca-based perovskites,
which allows for possible bigger spontaneous polarization in
the latter compounds even if the A cation at play is not either
stereochemically active or involved in the hybridization with
the oxygens, like Ti in BaTiO3.

The previous analysis of the dynamics and energetics
associated to the four parent compounds has emphasized
some similarities and differences. This is helpful for a better
understanding of properties arising while mixing cations at the
A and B sites in (Ba,Ca)TiO3 and Ba(Ti,Zr)O3 solid solutions,
respectively. We will now present results coming from a
systematic characterization of the latter systems by also testing
and comparing two different approaches: the “virtual crystal
approximation” (VCA) and supercell-based calculations.

We note that the parent BaTiO3 and CaTiO3 compounds
display inverted sequence of polar phases. Then, for the
(Ba,Ca)TiO3 solid solutions, the emergence of a region with
strong competition between these phases and a crossing point
in energetics can be expected. This will be confirmed in the
next section.

IV. (Ba,Ca)TiO3 SOLID SOLUTIONS

In the last few years, Ba1−xCaxTiO3 (BCT) has started to
arouse curiosity in the experimental community as the Ca
off-centering seems to play an important role in stabilizing
ferroelectricity against chemical pressure effects [44–46]. In
particular, in Ref. [45], Fu and Itoh have characterized single
crystals of BCT in a temperature range from 2 to 400 K and
for compositions ranging from x = 0.00 up to x = 0.34. They
found that the Curie point is nearly independent of the Ca
concentration for the Pm3̄m → P 4mm transition, whereas
there is a shift of the P 4mm → Amm2 and Amm2 → R3m
phase transitions toward lower temperatures. Accordingly, the
consequence of Ca substitution is the stabilization of the
tetragonal ferroelectric phase.

Let us now analyze the dynamics and energetics as predicted
by means of first-principles calculations. We first report results
from the VCA approach in Sec. IV A, then from the use of
supercells in Sec. IV B.

A. VCA approach

1. Lattice parameter

First, we report the evolution of the lattice parameter
of the Pm3̄m-cubic phase as obtained from the structural
optimization within VCA. Because of the reduced volume of
CaTiO3 with respect to BaTiO3 (Table I), the lattice parameter
decreases monotonically with the Ca concentration, but the
trend deviates from the linearity of the Vegard’s law, as shown
in Fig. 5(a).

As for the pure compounds, for solid solutions we can define
the tolerance factor as t = (rA + rO)/

√
2(rB + rO), with rA =

(1 − x)rBa + (x)rCa. Values of the ionic radii, ri , for the pure
atoms have been taken from Ref. [47]. For increasing x, t
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TABLE VIII. Overlap matrix between the total distorsion τ of
the three optimized polar structures and the eigendisplacements ηi

associated to the F1u(TO) modes of the optimized cubic phase,
⟨ηi |M|τ ⟩ = αi . The distortion τ has been normalized such that
⟨τ |M|τ ⟩ = 1, with M in atomic mass units, and results to be defined
as τ =

∑
i=1,2,3 αiηi , with |τ | =

√
⟨τ |M|τ ⟩. Since BaZrO3 has no

polar instabilities, we reported results only for BaTiO3, CaTiO3, and
CaZrO3.

P 4mm Amm2 R3m

BaTiO3

|τ | 0.188 0.209 0.214
F1u(TO1) 0.993 0.975 0.971
F1u(TO2) 0.110 0.087 0.129
F1u(TO3) 0.032 0.194 0.228

CaTiO3

|τ | 0.601 0.478 0.435
F1u(TO1) 0.985 0.970 0.970
F1u(TO2) −0.171 −0.203 −0.199
F1u(TO3) 0.033 0.129 −0.143

CaZrO3

|τ | 0.903 0.886 0.868
F1u(TO1) 0.976 0.910 0.897
F1u(TO2) −0.060 0.202 −0.208
F1u(TO3) −0.067 −0.336 −0.197

3. CaZrO3

In CaZrO3, the energy sequence of both the polar and
AFD phases is the same as CaTiO3, but they are shifted
down in energy becoming very spread. The AFD Pnma
ground-state is lower by about −1 eV/f.u. than the Pm3̄m
phase. This is in tune with the very high transition temperature
experimentally observed for the sequence Pm3̄m → Pnma,
even if the phonon frequencies related to the unstable modes
are close to the ones in CaTiO3.

4. BaZrO3

For BaZrO3, we found competitive R3̄c (a−a−a−), Imma
(a0b−b−), and I4/mcm (a0a0c−) antiferroditortive structures.
According to the very tiny value of the instability [Fig. 3(c)],
the condensation of the oxygen rotations provides an energy
gain relative to the cubic phase of about ≃2.5 meV per f.u.,
while the three distorted phases have an energy that differs by
less than 0.2 meV/f.u. In spite of the negligible energy gain,
the amplitude of the AFD distortion is significant. The biggest
distortion is appearing in the tetragonal phase with an angle of
rotation of ∼4◦ about the [001] direction.

5. Polar modes and ferroelectric phases

In order to interlock the optimized polar structures with the
lattice dynamics, we evaluated the contribution of each polar
mode to the condensed distortion. The overlap matrix is
reported in Table VIII. It is interesting to notice that the three
ferroelectric states are mostly due to the condensation of the
unstable optical mode for all the three perovskites BaTiO3,
CaTiO3, and CaZrO3, so that it is possible to establish a
nearly one-to-one correspondence with the pattern of distortion

associated to the unstable TO1 mode and the displacements as
obtained from the structural optimization, while the contribu-
tion of the TO2 and TO3 modes remains very small.

An important remark is the huge difference in the total
distortion τ between BaTiO3 and the Ca-based perovskites,
which allows for possible bigger spontaneous polarization in
the latter compounds even if the A cation at play is not either
stereochemically active or involved in the hybridization with
the oxygens, like Ti in BaTiO3.

The previous analysis of the dynamics and energetics
associated to the four parent compounds has emphasized
some similarities and differences. This is helpful for a better
understanding of properties arising while mixing cations at the
A and B sites in (Ba,Ca)TiO3 and Ba(Ti,Zr)O3 solid solutions,
respectively. We will now present results coming from a
systematic characterization of the latter systems by also testing
and comparing two different approaches: the “virtual crystal
approximation” (VCA) and supercell-based calculations.

We note that the parent BaTiO3 and CaTiO3 compounds
display inverted sequence of polar phases. Then, for the
(Ba,Ca)TiO3 solid solutions, the emergence of a region with
strong competition between these phases and a crossing point
in energetics can be expected. This will be confirmed in the
next section.

IV. (Ba,Ca)TiO3 SOLID SOLUTIONS

In the last few years, Ba1−xCaxTiO3 (BCT) has started to
arouse curiosity in the experimental community as the Ca
off-centering seems to play an important role in stabilizing
ferroelectricity against chemical pressure effects [44–46]. In
particular, in Ref. [45], Fu and Itoh have characterized single
crystals of BCT in a temperature range from 2 to 400 K and
for compositions ranging from x = 0.00 up to x = 0.34. They
found that the Curie point is nearly independent of the Ca
concentration for the Pm3̄m → P 4mm transition, whereas
there is a shift of the P 4mm → Amm2 and Amm2 → R3m
phase transitions toward lower temperatures. Accordingly, the
consequence of Ca substitution is the stabilization of the
tetragonal ferroelectric phase.

Let us now analyze the dynamics and energetics as predicted
by means of first-principles calculations. We first report results
from the VCA approach in Sec. IV A, then from the use of
supercells in Sec. IV B.

A. VCA approach

1. Lattice parameter

First, we report the evolution of the lattice parameter
of the Pm3̄m-cubic phase as obtained from the structural
optimization within VCA. Because of the reduced volume of
CaTiO3 with respect to BaTiO3 (Table I), the lattice parameter
decreases monotonically with the Ca concentration, but the
trend deviates from the linearity of the Vegard’s law, as shown
in Fig. 5(a).

As for the pure compounds, for solid solutions we can define
the tolerance factor as t = (rA + rO)/

√
2(rB + rO), with rA =

(1 − x)rBa + (x)rCa. Values of the ionic radii, ri , for the pure
atoms have been taken from Ref. [47]. For increasing x, t
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Antiferrodistortive distortion SrRuO3 
Cubic Orthorhombic

J. Phys.: Condens. Matter 26 (2014) 035401 N Miao et al

Figure 2. The calculated phonon dispersion curves and phonon density of states of cubic SrRuO3 within the WC-GGA along the
0–X–M–0–R–M of the cubic Brillouin zone. The total DOS and the projected DOS of oxygen, ruthenium paths, and strontium atoms are
plotted using a solid line (in black), a dashed line (in blue), a dotted line (in green) and a short-dashed line (in red), respectively. Negative
frequencies indicate imaginary values.

Figure 3. A schematic illustration of relevant phonon modes of
SrRuO3. Black arrows indicate the atomic motions. Sr atoms (in
red) at the corners, Ru atoms (in green) at the centers and O atoms
(in blue) at the face centers of the perovskite cubic cell. The
wavevectors are also given in parentheses for corresponding modes.

we also performed the phonon calculation with the LSDA
in ABINIT, and with the WC-GGA and the B1-WC [39]
hybrid functional using the CRYSTAL09 code [38]. In all
cases, we reproduced the instabilities at the R and M

points, attesting that the present results are independent of
exchange–correlation functionals or codes.

Finally, the elastic stiffness constants of cubic SrRuO3
were computed within the WC-GGA from the strain DFPT
method [37]. For cubic crystals, there are three independent
elastic constants: c11, c12, and c44. The calculated values are
312.8 GPa, 101.8 GPa, and 65.4 GPa, respectively. According
to the Voigt–Reuss–Hill (VRH) approximation [45–47], the
bulk modulus B = (c11+2c12)/3 of cubic SrRuO3 is estimated
to be 172 GPa. No experimental data are available for
comparison, but bulk modulus values of 200 and 219 GPa
have been reported in previous LSDA calculations by fitting to
the equation of states [25], which likely overestimates B due
to the typical overbinding tendency of the LSDA.

4. Antiferrodistortive instabilities and distorted
phases

As previously discussed, the cubic structure of SrRuO3
exhibits strong antiferrodistortive instabilities, associated with
rotations of the oxygen octahedra. If, in line with Glazer [48],
we restrict ourselves to the oxygen rotations associated with
M+

3 and R+
4 modes and consider that such rotations can

appear along any of the three cubic directions, this defines
six distinct basic tilt patterns (spanning the six-dimensional
M+

3 � R+
4 reducible representation of the Pm3̄m phase) that

can be combined to generate various tilted structures. Using
group theory analysis, Howard and Stokes [49] demonstrated
the existence of 15 distinct combinations of basic tilt
patterns that, when condensed within the Pm3̄m phase, will
lower the symmetry to distinct subgroups. The resulting
oxygen-tilted structures are usually specified using compact
Glazer notations [48] such as a0b+c�, in which the three
literals refer to the three cubic directions and the 0, + or
� superscripts refer to the condensation of no tilt, M+

3 tilt,
or R+

4 tilt along each specific direction, respectively (the use
of the same letter along two directions indicates tilts of same
amplitude).
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Figure 2. The calculated phonon dispersion curves and phonon density of states of cubic SrRuO3 within the WC-GGA along the
0–X–M–0–R–M of the cubic Brillouin zone. The total DOS and the projected DOS of oxygen, ruthenium paths, and strontium atoms are
plotted using a solid line (in black), a dashed line (in blue), a dotted line (in green) and a short-dashed line (in red), respectively. Negative
frequencies indicate imaginary values.

Figure 3. A schematic illustration of relevant phonon modes of
SrRuO3. Black arrows indicate the atomic motions. Sr atoms (in
red) at the corners, Ru atoms (in green) at the centers and O atoms
(in blue) at the face centers of the perovskite cubic cell. The
wavevectors are also given in parentheses for corresponding modes.

we also performed the phonon calculation with the LSDA
in ABINIT, and with the WC-GGA and the B1-WC [39]
hybrid functional using the CRYSTAL09 code [38]. In all
cases, we reproduced the instabilities at the R and M

points, attesting that the present results are independent of
exchange–correlation functionals or codes.

Finally, the elastic stiffness constants of cubic SrRuO3
were computed within the WC-GGA from the strain DFPT
method [37]. For cubic crystals, there are three independent
elastic constants: c11, c12, and c44. The calculated values are
312.8 GPa, 101.8 GPa, and 65.4 GPa, respectively. According
to the Voigt–Reuss–Hill (VRH) approximation [45–47], the
bulk modulus B = (c11+2c12)/3 of cubic SrRuO3 is estimated
to be 172 GPa. No experimental data are available for
comparison, but bulk modulus values of 200 and 219 GPa
have been reported in previous LSDA calculations by fitting to
the equation of states [25], which likely overestimates B due
to the typical overbinding tendency of the LSDA.

4. Antiferrodistortive instabilities and distorted
phases

As previously discussed, the cubic structure of SrRuO3
exhibits strong antiferrodistortive instabilities, associated with
rotations of the oxygen octahedra. If, in line with Glazer [48],
we restrict ourselves to the oxygen rotations associated with
M+

3 and R+
4 modes and consider that such rotations can

appear along any of the three cubic directions, this defines
six distinct basic tilt patterns (spanning the six-dimensional
M+

3 � R+
4 reducible representation of the Pm3̄m phase) that

can be combined to generate various tilted structures. Using
group theory analysis, Howard and Stokes [49] demonstrated
the existence of 15 distinct combinations of basic tilt
patterns that, when condensed within the Pm3̄m phase, will
lower the symmetry to distinct subgroups. The resulting
oxygen-tilted structures are usually specified using compact
Glazer notations [48] such as a0b+c�, in which the three
literals refer to the three cubic directions and the 0, + or
� superscripts refer to the condensation of no tilt, M+

3 tilt,
or R+

4 tilt along each specific direction, respectively (the use
of the same letter along two directions indicates tilts of same
amplitude).
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Table 2. Symmetry-adapted mode analysis (with the corresponding irreducible representations) of the different phases of SrRuO3 after full
atomic relaxation while keeping the cubic cell (no strain relaxation) within the WC-GGA. Amplitudes in Å were obtained with
Amplimode [50, 51]. (‘—’ indicates contributions forbidden by symmetry.)

Rotations Symmetry Space group number

Oxygen rotations Anti-polar motions Other oxygen motions

R+
4 M+

3 X+
5 R+

5 M+
2 M+

4

a0a0c� I4/mcm 140 0.73 — — — — —
a0a0c+ P4/mbm 127 — 0.71 — — — —
a0b�b� Imma 74 0.80 — — 0.08 — —
a0b+b+ I4/mmm 139 — 1.05 — — — 0.09
a0b+c� Cmcm 63 0.85 0.81 0.20 0.03 — 0.04
a�b+a� Pnma 62 1.00 0.77 0.35 0.06 0.00 —
a+a+c� P4(2)/nmc 137 1.15 1.18 0.30 — — 0.07

table 2 an analysis of the atomic distortions in terms of con-
tributions from different symmetry-adapted modes [50, 51].
Relevant invariant polynomials coupling these modes in
the Landau-type expansion of the energy around the cubic
phase [52] for various tilt systems are reported in the appendix
(table A.3). As already mentioned, the R+

4 and M+
3 modes

correspond to oxygen octahedra rotations, while the X+
5

and R+
5 correspond to strontium (and to a lesser degree

oxygen) anti-polar distortions; M+
2 and M+

4 are associated to
other purely oxygen motions. See figure 3 for a schematic
illustration of these distortions. Among investigated phases,
the Pnma phase exhibits the largest total anti-polar distortion,
especially from the X+

5 mode. X+
5 is not by itself an

unstable mode, as can be seen from the cubic phonon
dispersion curves (see figure 2), and its appearance is a
signature of a ‘hybrid’ improper-type behavior [53, 54]
(i.e., it appears through a mechanism similar to ‘hybrid’
improper ferroelectricity in artificial superlattices [53]). It is
the trilinear coupling term (see table A.3 in the appendix),
Q(R+

4 )Q(M+
3 )Q(X+

5 ) [55], that drives the appearance of
X+

5 motion. This trilinear term can only be introduced
by the coexistence of an in-phase rotation (+) and an
out-of-phase rotation (�) (as in the a0b+c�, a�b+a�, and
a+a+c� phases). Neither the combination of two out-of-phase
rotations (a0b�b�) nor two in-phase rotations (a0b+b+)

introduces a trilinear coupling, although it can induce small
anti-polar R+

5 distortions and M+
4 oxygen motions through

bi-couplings of the form Q(M+
4 )Q(M+

3 )2 and Q(R+
4 )3Q(R+

5 ).
It is therefore the combination of a ‘+’ and ‘�’ rotation
allowing for a trilinear coupling with the X+

5 anti-polar mode
that necessarily lowers the energy of the ground state structure
in metallic SrRuO3.

We note that the condensation of the anti-polar modes
affects the magnitude of M+

3 and R+
4 . Once the Sr motion is

included, the oxygen rotation angles are enhanced, as can be
seen in table A.1 in the appendix. This cooperative coupling is
enabled through the trilinear term. With the anti-polar motion
the energy gain produced by the pure oxygen motion5 is
reduced (as shown by the dotted line in figure 4) since the
rotation magnitude is no longer at the minimum of the double
well. This effect is particularly strong in the Pnma phase,

5 Terms involving only R+
4 and M+

3 in the Landau-type expansion.

which is consistent with the strong coupling with the X+
5

mode.
Finally, strain relaxation (related to the contribution

Estrain) appears to play the largest role in the a0a0c�, a0a0c+,
and a�a�a� phases, which interestingly are the only phases
that do not exhibit anti-polar distortions. Within the remaining
phases, the couplings with anti-polar distortions (related to the
contribution Ecation) play a more significant role in stabilizing
structures than the strain effect.

Therefore, in summary, we suggest that the a�b+a�

ground state of SrRuO3 takes advantage of the features of
both the a0b�b� and a0b+c� phases, i.e., the combination
of two ‘�’ rotations which appears to be the most favorable
oxygen motion and the combination of a ‘+’ and ‘�’ rotation
to induce the X point anti-polar mode through a trilinear
coupling.

The calculated structural parameters for several possible
intermediate phases of SrRuO3 are collected in table 3.
The Wyckoff positions are obtained from the fully relaxed
structure using the FINDSYM code [56]. All these phases
have a very similar lattice volume of approximately 241 Å3

per 20-atom cell. The calculated lattice parameters and atomic
positions for the Pnma phase are in fair agreement with the
available experiment data [12, 57–59] and the theoretical
results (see table A.4 in the appendix). The calculated
magnetic moments of 1.98 µB/f.u. from the WC-GGA and
1.70 µB/f.u. from the LSDA are in reasonable agreement
with the previously reported theoretical and experimental
data. The ‘effective magnetic moment’ of SrRuO3 can be
estimated as µeff = [µB(µB+g0)]0.5 (with g0 = 2) using a
simple spin-only magnetism approach [18]. Here we obtain
a µeff value of 2.81 µB from the WC-GGA and 2.51 µB from
the LSDA, which are also comparable to the experimental
values of 2.4–2.83 µB [19, 60]. It is worth mentioning
that, without including self-correction or Hubbard U for the
on-site correlations, our calculations reproduce the structural
properties and magnetic moments for SrRuO3 reasonably,
indicating that the WC-GGA is a favorable approach for
this weakly correlated material. For the I4/mcm phase, our
calculated lattice volume is slightly smaller (⇠2.4%) than
the experimental value, which could be attributed to the fact
that the experimental data were gathered at high temperature
(823 K) [8]. For the proposed P4/mbm phase, the calculated
lattice parameters and magnetic moment are very close to
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Table A.1. The calculated rotation angles in degrees relative to the ideal cubic SrRuO3 for different phases with: (1) oxygen relaxation only
(cation and cell fixed to cubic), �1; (2) oxygen and cation relaxation (full atomic relaxation, keeping the unit cell fixed to cubic), �2; (3) full
atomic and strain relaxations, �3.

Rotations Symmetry SPG NO. �+
1 ��

1 �+
2 ��

2 �+
3 ��

3

a0a0a0 Pm3̄m 221 0.00 0.00 0.00 0.00 0.00 0.00
a0a0c� I4/mcm 140 0.00 �10.68 0.00 �11.52 0.00 �11.53
a0a0c+ P4/mbm 127 10.28 0.00 10.28 0.00 11.26 0.00
a0b�b� Imma 74 0.00 8.12 0.00 8.29 0.00 8.49
a0b+b+ I4/mmm 139 7.68 0.00 7.67 0.00 7.75 0.00
a0b+c� Cmcm 63 7.33 8.68 8.37 8.76 8.41 8.93
a�b+a� Pnma 62 6.56 6.53 7.89 7.30 7.90 7.34
a�a�a� R3̄c 167 0.00 6.54 0.00 6.54 0.00 6.54
a+a+c� P4(2)/nmc 137 5.14 8.50 6.07 8.36 5.84 8.80

Table A.2. The calculated gains of energy in meV/f.u., with respect to the ideal cubic SrRuO3 phase taken as reference, for different
relaxed phases, labeled in terms of the compatible tilt pattern. Please refer to the caption of figure 4 for the definitions of different energies.

Rotations Symmetry SPG NO. E0
oxygen Eoxygen Ecation Estrain

a0a0a0 Pm3̄m 221 0 0 0 0
a0a0c� I4/mcm 140 151 151 0 16
a0a0c+ P4/mbm 127 131 131 0 16
a0b�b� Imma 74 173 181 7 9
a0b+b+ I4/mmm 139 143 153 0 2
a0b+c� Cmcm 63 160 173 20 5
a�b+a� Pnma 62 159 181 37 2
a�a�a� R3̄c 167 182 182 0 16
a+a+c� P4(2)/nmc 137 163 170 22 2

Table A.3. Selective lowest-order invariant polynomials [52] of the Landau-type energy expansion around the cubic phase of SrRuO3
involving the modes shown in figure 4. Only the lowest-order anharmonic terms involving the coupling with a mode at the linear order and
responsible for improper-type behavior are reported.

Rotations Symmetry SPG NO. Invariant polynomials for coupling modes

a�b0a� Imma 74 Q(R+
4 )Q(R+

5 )3 + Q(R+
4 )3Q(R+

5 ) . . .

a0c+c+ I4/mmm 139 Q(M+
4 )Q(M+

3 )2 . . .

a0b+c� Cmcm 63 Q(R+
4 )Q(M+

3 )Q(X+
5 ) + Q(R+

5 )Q(M+
3 )Q(X+

5 ) + Q(R+
4 )Q(M+

4 )Q(X+
5 ) . . .

a�b+a� Pnma 62 Q(R+
4 )Q(M+

3 )Q(X+
5 ) + Q(R+

4 )Q(M+
2 )Q(X+

5 ) + Q(R+
5 )Q(M+

3 )Q(X+
5 ) . . .

a+a+c� P4(2)/nmc 137 Q(X+
5 )2Q(M+

4 ) + Q(R+
4 )Q(M+

4 )Q(X+
5 ) + Q(R+

4 )Q(M+
3 )Q(X+

5 ) . . .

Appendix

A.1. Definition of rotation angle

In the literature, the rotation angles in perovskites are defined
in different ways [20, 48] or calculated by different empirical
equations [8, 77]. However, for complex tilt patterns, it is
not always easy to work out the contributions from individual
rotations with the previous methods. Here, the rotation angles
are calculated as follows: first, the amplitude A of each M+

3 or
R+

4 mode within the structure is obtained from an overlap of
the atomic distortion with the relevant phonon eigenvectors.
Then the amplitude is converted into a rotation angle, as
illustrated in figure A.1. The calculated rotations angles are
presented in table A.1.

A.2. The gain of energy and energy expansion

We report in table A.2 the values of the gains of energy
for different phases of SrRuO3 as plotted in figure 4. In

Figure A.1. The amplitude of the rotation angle (�) is deduced from
the amplitude A of the overlap of the distorted structure with R+

4 and
M+

3 modes according to � = arctan(2A/acell). Sr atoms (in red) at
the corners, Ru atoms (in green) at the centers and O atoms (in blue)
at the face centers of the perovskite cubic cell.
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Figure 2. The calculated phonon dispersion curves and phonon density of states of cubic SrRuO3 within the WC-GGA along the
0–X–M–0–R–M of the cubic Brillouin zone. The total DOS and the projected DOS of oxygen, ruthenium paths, and strontium atoms are
plotted using a solid line (in black), a dashed line (in blue), a dotted line (in green) and a short-dashed line (in red), respectively. Negative
frequencies indicate imaginary values.

Figure 3. A schematic illustration of relevant phonon modes of
SrRuO3. Black arrows indicate the atomic motions. Sr atoms (in
red) at the corners, Ru atoms (in green) at the centers and O atoms
(in blue) at the face centers of the perovskite cubic cell. The
wavevectors are also given in parentheses for corresponding modes.

we also performed the phonon calculation with the LSDA
in ABINIT, and with the WC-GGA and the B1-WC [39]
hybrid functional using the CRYSTAL09 code [38]. In all
cases, we reproduced the instabilities at the R and M

points, attesting that the present results are independent of
exchange–correlation functionals or codes.

Finally, the elastic stiffness constants of cubic SrRuO3
were computed within the WC-GGA from the strain DFPT
method [37]. For cubic crystals, there are three independent
elastic constants: c11, c12, and c44. The calculated values are
312.8 GPa, 101.8 GPa, and 65.4 GPa, respectively. According
to the Voigt–Reuss–Hill (VRH) approximation [45–47], the
bulk modulus B = (c11+2c12)/3 of cubic SrRuO3 is estimated
to be 172 GPa. No experimental data are available for
comparison, but bulk modulus values of 200 and 219 GPa
have been reported in previous LSDA calculations by fitting to
the equation of states [25], which likely overestimates B due
to the typical overbinding tendency of the LSDA.

4. Antiferrodistortive instabilities and distorted
phases

As previously discussed, the cubic structure of SrRuO3
exhibits strong antiferrodistortive instabilities, associated with
rotations of the oxygen octahedra. If, in line with Glazer [48],
we restrict ourselves to the oxygen rotations associated with
M+

3 and R+
4 modes and consider that such rotations can

appear along any of the three cubic directions, this defines
six distinct basic tilt patterns (spanning the six-dimensional
M+

3 � R+
4 reducible representation of the Pm3̄m phase) that

can be combined to generate various tilted structures. Using
group theory analysis, Howard and Stokes [49] demonstrated
the existence of 15 distinct combinations of basic tilt
patterns that, when condensed within the Pm3̄m phase, will
lower the symmetry to distinct subgroups. The resulting
oxygen-tilted structures are usually specified using compact
Glazer notations [48] such as a0b+c�, in which the three
literals refer to the three cubic directions and the 0, + or
� superscripts refer to the condensation of no tilt, M+

3 tilt,
or R+

4 tilt along each specific direction, respectively (the use
of the same letter along two directions indicates tilts of same
amplitude).
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Figure 2. The calculated phonon dispersion curves and phonon density of states of cubic SrRuO3 within the WC-GGA along the
0–X–M–0–R–M of the cubic Brillouin zone. The total DOS and the projected DOS of oxygen, ruthenium paths, and strontium atoms are
plotted using a solid line (in black), a dashed line (in blue), a dotted line (in green) and a short-dashed line (in red), respectively. Negative
frequencies indicate imaginary values.

Figure 3. A schematic illustration of relevant phonon modes of
SrRuO3. Black arrows indicate the atomic motions. Sr atoms (in
red) at the corners, Ru atoms (in green) at the centers and O atoms
(in blue) at the face centers of the perovskite cubic cell. The
wavevectors are also given in parentheses for corresponding modes.

we also performed the phonon calculation with the LSDA
in ABINIT, and with the WC-GGA and the B1-WC [39]
hybrid functional using the CRYSTAL09 code [38]. In all
cases, we reproduced the instabilities at the R and M

points, attesting that the present results are independent of
exchange–correlation functionals or codes.

Finally, the elastic stiffness constants of cubic SrRuO3
were computed within the WC-GGA from the strain DFPT
method [37]. For cubic crystals, there are three independent
elastic constants: c11, c12, and c44. The calculated values are
312.8 GPa, 101.8 GPa, and 65.4 GPa, respectively. According
to the Voigt–Reuss–Hill (VRH) approximation [45–47], the
bulk modulus B = (c11+2c12)/3 of cubic SrRuO3 is estimated
to be 172 GPa. No experimental data are available for
comparison, but bulk modulus values of 200 and 219 GPa
have been reported in previous LSDA calculations by fitting to
the equation of states [25], which likely overestimates B due
to the typical overbinding tendency of the LSDA.

4. Antiferrodistortive instabilities and distorted
phases

As previously discussed, the cubic structure of SrRuO3
exhibits strong antiferrodistortive instabilities, associated with
rotations of the oxygen octahedra. If, in line with Glazer [48],
we restrict ourselves to the oxygen rotations associated with
M+

3 and R+
4 modes and consider that such rotations can

appear along any of the three cubic directions, this defines
six distinct basic tilt patterns (spanning the six-dimensional
M+

3 � R+
4 reducible representation of the Pm3̄m phase) that

can be combined to generate various tilted structures. Using
group theory analysis, Howard and Stokes [49] demonstrated
the existence of 15 distinct combinations of basic tilt
patterns that, when condensed within the Pm3̄m phase, will
lower the symmetry to distinct subgroups. The resulting
oxygen-tilted structures are usually specified using compact
Glazer notations [48] such as a0b+c�, in which the three
literals refer to the three cubic directions and the 0, + or
� superscripts refer to the condensation of no tilt, M+

3 tilt,
or R+

4 tilt along each specific direction, respectively (the use
of the same letter along two directions indicates tilts of same
amplitude).
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Table 2. Symmetry-adapted mode analysis (with the corresponding irreducible representations) of the different phases of SrRuO3 after full
atomic relaxation while keeping the cubic cell (no strain relaxation) within the WC-GGA. Amplitudes in Å were obtained with
Amplimode [50, 51]. (‘—’ indicates contributions forbidden by symmetry.)

Rotations Symmetry Space group number

Oxygen rotations Anti-polar motions Other oxygen motions

R+
4 M+

3 X+
5 R+

5 M+
2 M+

4

a0a0c� I4/mcm 140 0.73 — — — — —
a0a0c+ P4/mbm 127 — 0.71 — — — —
a0b�b� Imma 74 0.80 — — 0.08 — —
a0b+b+ I4/mmm 139 — 1.05 — — — 0.09
a0b+c� Cmcm 63 0.85 0.81 0.20 0.03 — 0.04
a�b+a� Pnma 62 1.00 0.77 0.35 0.06 0.00 —
a+a+c� P4(2)/nmc 137 1.15 1.18 0.30 — — 0.07

table 2 an analysis of the atomic distortions in terms of con-
tributions from different symmetry-adapted modes [50, 51].
Relevant invariant polynomials coupling these modes in
the Landau-type expansion of the energy around the cubic
phase [52] for various tilt systems are reported in the appendix
(table A.3). As already mentioned, the R+

4 and M+
3 modes

correspond to oxygen octahedra rotations, while the X+
5

and R+
5 correspond to strontium (and to a lesser degree

oxygen) anti-polar distortions; M+
2 and M+

4 are associated to
other purely oxygen motions. See figure 3 for a schematic
illustration of these distortions. Among investigated phases,
the Pnma phase exhibits the largest total anti-polar distortion,
especially from the X+

5 mode. X+
5 is not by itself an

unstable mode, as can be seen from the cubic phonon
dispersion curves (see figure 2), and its appearance is a
signature of a ‘hybrid’ improper-type behavior [53, 54]
(i.e., it appears through a mechanism similar to ‘hybrid’
improper ferroelectricity in artificial superlattices [53]). It is
the trilinear coupling term (see table A.3 in the appendix),
Q(R+

4 )Q(M+
3 )Q(X+

5 ) [55], that drives the appearance of
X+

5 motion. This trilinear term can only be introduced
by the coexistence of an in-phase rotation (+) and an
out-of-phase rotation (�) (as in the a0b+c�, a�b+a�, and
a+a+c� phases). Neither the combination of two out-of-phase
rotations (a0b�b�) nor two in-phase rotations (a0b+b+)

introduces a trilinear coupling, although it can induce small
anti-polar R+

5 distortions and M+
4 oxygen motions through

bi-couplings of the form Q(M+
4 )Q(M+

3 )2 and Q(R+
4 )3Q(R+

5 ).
It is therefore the combination of a ‘+’ and ‘�’ rotation
allowing for a trilinear coupling with the X+

5 anti-polar mode
that necessarily lowers the energy of the ground state structure
in metallic SrRuO3.

We note that the condensation of the anti-polar modes
affects the magnitude of M+

3 and R+
4 . Once the Sr motion is

included, the oxygen rotation angles are enhanced, as can be
seen in table A.1 in the appendix. This cooperative coupling is
enabled through the trilinear term. With the anti-polar motion
the energy gain produced by the pure oxygen motion5 is
reduced (as shown by the dotted line in figure 4) since the
rotation magnitude is no longer at the minimum of the double
well. This effect is particularly strong in the Pnma phase,

5 Terms involving only R+
4 and M+

3 in the Landau-type expansion.

which is consistent with the strong coupling with the X+
5

mode.
Finally, strain relaxation (related to the contribution

Estrain) appears to play the largest role in the a0a0c�, a0a0c+,
and a�a�a� phases, which interestingly are the only phases
that do not exhibit anti-polar distortions. Within the remaining
phases, the couplings with anti-polar distortions (related to the
contribution Ecation) play a more significant role in stabilizing
structures than the strain effect.

Therefore, in summary, we suggest that the a�b+a�

ground state of SrRuO3 takes advantage of the features of
both the a0b�b� and a0b+c� phases, i.e., the combination
of two ‘�’ rotations which appears to be the most favorable
oxygen motion and the combination of a ‘+’ and ‘�’ rotation
to induce the X point anti-polar mode through a trilinear
coupling.

The calculated structural parameters for several possible
intermediate phases of SrRuO3 are collected in table 3.
The Wyckoff positions are obtained from the fully relaxed
structure using the FINDSYM code [56]. All these phases
have a very similar lattice volume of approximately 241 Å3

per 20-atom cell. The calculated lattice parameters and atomic
positions for the Pnma phase are in fair agreement with the
available experiment data [12, 57–59] and the theoretical
results (see table A.4 in the appendix). The calculated
magnetic moments of 1.98 µB/f.u. from the WC-GGA and
1.70 µB/f.u. from the LSDA are in reasonable agreement
with the previously reported theoretical and experimental
data. The ‘effective magnetic moment’ of SrRuO3 can be
estimated as µeff = [µB(µB+g0)]0.5 (with g0 = 2) using a
simple spin-only magnetism approach [18]. Here we obtain
a µeff value of 2.81 µB from the WC-GGA and 2.51 µB from
the LSDA, which are also comparable to the experimental
values of 2.4–2.83 µB [19, 60]. It is worth mentioning
that, without including self-correction or Hubbard U for the
on-site correlations, our calculations reproduce the structural
properties and magnetic moments for SrRuO3 reasonably,
indicating that the WC-GGA is a favorable approach for
this weakly correlated material. For the I4/mcm phase, our
calculated lattice volume is slightly smaller (⇠2.4%) than
the experimental value, which could be attributed to the fact
that the experimental data were gathered at high temperature
(823 K) [8]. For the proposed P4/mbm phase, the calculated
lattice parameters and magnetic moment are very close to
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Table A.1. The calculated rotation angles in degrees relative to the ideal cubic SrRuO3 for different phases with: (1) oxygen relaxation only
(cation and cell fixed to cubic), �1; (2) oxygen and cation relaxation (full atomic relaxation, keeping the unit cell fixed to cubic), �2; (3) full
atomic and strain relaxations, �3.

Rotations Symmetry SPG NO. �+
1 ��

1 �+
2 ��

2 �+
3 ��

3

a0a0a0 Pm3̄m 221 0.00 0.00 0.00 0.00 0.00 0.00
a0a0c� I4/mcm 140 0.00 �10.68 0.00 �11.52 0.00 �11.53
a0a0c+ P4/mbm 127 10.28 0.00 10.28 0.00 11.26 0.00
a0b�b� Imma 74 0.00 8.12 0.00 8.29 0.00 8.49
a0b+b+ I4/mmm 139 7.68 0.00 7.67 0.00 7.75 0.00
a0b+c� Cmcm 63 7.33 8.68 8.37 8.76 8.41 8.93
a�b+a� Pnma 62 6.56 6.53 7.89 7.30 7.90 7.34
a�a�a� R3̄c 167 0.00 6.54 0.00 6.54 0.00 6.54
a+a+c� P4(2)/nmc 137 5.14 8.50 6.07 8.36 5.84 8.80

Table A.2. The calculated gains of energy in meV/f.u., with respect to the ideal cubic SrRuO3 phase taken as reference, for different
relaxed phases, labeled in terms of the compatible tilt pattern. Please refer to the caption of figure 4 for the definitions of different energies.

Rotations Symmetry SPG NO. E0
oxygen Eoxygen Ecation Estrain

a0a0a0 Pm3̄m 221 0 0 0 0
a0a0c� I4/mcm 140 151 151 0 16
a0a0c+ P4/mbm 127 131 131 0 16
a0b�b� Imma 74 173 181 7 9
a0b+b+ I4/mmm 139 143 153 0 2
a0b+c� Cmcm 63 160 173 20 5
a�b+a� Pnma 62 159 181 37 2
a�a�a� R3̄c 167 182 182 0 16
a+a+c� P4(2)/nmc 137 163 170 22 2

Table A.3. Selective lowest-order invariant polynomials [52] of the Landau-type energy expansion around the cubic phase of SrRuO3
involving the modes shown in figure 4. Only the lowest-order anharmonic terms involving the coupling with a mode at the linear order and
responsible for improper-type behavior are reported.

Rotations Symmetry SPG NO. Invariant polynomials for coupling modes

a�b0a� Imma 74 Q(R+
4 )Q(R+

5 )3 + Q(R+
4 )3Q(R+

5 ) . . .

a0c+c+ I4/mmm 139 Q(M+
4 )Q(M+

3 )2 . . .

a0b+c� Cmcm 63 Q(R+
4 )Q(M+

3 )Q(X+
5 ) + Q(R+

5 )Q(M+
3 )Q(X+

5 ) + Q(R+
4 )Q(M+

4 )Q(X+
5 ) . . .

a�b+a� Pnma 62 Q(R+
4 )Q(M+

3 )Q(X+
5 ) + Q(R+

4 )Q(M+
2 )Q(X+

5 ) + Q(R+
5 )Q(M+

3 )Q(X+
5 ) . . .

a+a+c� P4(2)/nmc 137 Q(X+
5 )2Q(M+

4 ) + Q(R+
4 )Q(M+

4 )Q(X+
5 ) + Q(R+

4 )Q(M+
3 )Q(X+

5 ) . . .

Appendix

A.1. Definition of rotation angle

In the literature, the rotation angles in perovskites are defined
in different ways [20, 48] or calculated by different empirical
equations [8, 77]. However, for complex tilt patterns, it is
not always easy to work out the contributions from individual
rotations with the previous methods. Here, the rotation angles
are calculated as follows: first, the amplitude A of each M+

3 or
R+

4 mode within the structure is obtained from an overlap of
the atomic distortion with the relevant phonon eigenvectors.
Then the amplitude is converted into a rotation angle, as
illustrated in figure A.1. The calculated rotations angles are
presented in table A.1.

A.2. The gain of energy and energy expansion

We report in table A.2 the values of the gains of energy
for different phases of SrRuO3 as plotted in figure 4. In

Figure A.1. The amplitude of the rotation angle (�) is deduced from
the amplitude A of the overlap of the distorted structure with R+

4 and
M+

3 modes according to � = arctan(2A/acell). Sr atoms (in red) at
the corners, Ru atoms (in green) at the centers and O atoms (in blue)
at the face centers of the perovskite cubic cell.
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Q represents the mode amplitude as explained in the previous
section. The values of the polynomial coefficients have
been obtained by systematic energy calculations after the
condensation of various combinations of the unstable modes.

The coefficients of Q2
!−

5
, Q2

X+
3

, and Q2
X+

2
are negative,

coherently with the phonon instabilities. The biquadratic
coupling coefficient between !−

5 (a) and X+
2 (b) is negative

but its value is extremely small. The biquadratic coupling
coefficients between X+

3 (a) and both !−
5 (a) and X+

2 (b) are
positive but still rather small, meaning that although the
appearance of X+

3 (a) tends to exclude the other two modes,
this effect is rather small. This is confirmed by the fact that,
although α!−

5
decreases due to the appearance of the other

modes, the mode amplitude Q!−
5

remains very similar in the
Fmm2, B2cb, and P 21ab phases.

The coupling scenario in Bi2WO6 is therefore rather
different from those of other previously studied Aurivillius
phases, namely, SrBi2Ta2O9 (m = 2) and Bi4Ti3O12 (m = 3).
In SrBi2Ta2O9, the strongest instability is the octahedral tilting
mode X−

3 around the a/b direction, and the condensation of
this mode alone results in a nonpolar intermediate phase. This
tilting mode and the polar mode !−

5 are mutually exclusive,
and the final ferroelectric phase Ama21 requires the presence
of a third stable mode, X+

2 , to stabilize.3 In Bi4Ti3O12, as
for Bi2WO6, there are three major unstable modes, !−

5 , X+
2 ,

and X+
3 . However, there is no occurrence of experimentally

detected intermediate phases, and the ferroelectric B1a1
monoclinic ground state is reached by the simultaneous

condensation of the three unstable modes and could be denoted
as an avalanche phase transition.4

F. Spontaneous polarization

In both orthorhombic ferroelectric phases, spontaneous
polarization Ps expands along the a direction only, with no
component along c. We report, in Table X, the spontaneous
polarizations of different observed and hypothetical phases as
obtained using the Berry-phase approach [Ps(BP)] and using
Eq. (2) and the knowledge of the Born effective charges and
atomic distortions [Ps(Z∗)]. Again, determination of Ps(BP)
requires careful determination of the polarization quantum (see
discussion in Sec. III D).

In Table X we also report the contributions to the full
polarization arising from the individual !−

5 polar modes. We
see that the main contribution arises from the unstable !−

5
mode, which is also the most polar. We observe that the
spontaneous polarization is rather constant in the different
phases, in agreement with the weak coupling between polar
and rotational modes, yielding an almost-constant amplitude
of Q!−

5
as discussed in the previous section. The polar mode

of the highest frequency makes a tiny contribution but tends
to reduce the full polarization. We note that Ps(Z∗) slightly
overestimates Ps(BP), but since the same distortion is used in
both approaches, this has to be linked to the evolution of the
Born effective charges along the path of atomic distortion and
neglected in the computation of Ps(Z∗).

FIG. 4. (Color online) Summary diagram of phase transitions in Bi2WO6. #Et is in meV/formula unit and represents the difference in
energy with respect to I4/mmm, taken as the zero-energy reference.
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this effect is rather small. This is confirmed by the fact that,
although α!−
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decreases due to the appearance of the other

modes, the mode amplitude Q!−
5

remains very similar in the
Fmm2, B2cb, and P 21ab phases.

The coupling scenario in Bi2WO6 is therefore rather
different from those of other previously studied Aurivillius
phases, namely, SrBi2Ta2O9 (m = 2) and Bi4Ti3O12 (m = 3).
In SrBi2Ta2O9, the strongest instability is the octahedral tilting
mode X−

3 around the a/b direction, and the condensation of
this mode alone results in a nonpolar intermediate phase. This
tilting mode and the polar mode !−

5 are mutually exclusive,
and the final ferroelectric phase Ama21 requires the presence
of a third stable mode, X+

2 , to stabilize.3 In Bi4Ti3O12, as
for Bi2WO6, there are three major unstable modes, !−

5 , X+
2 ,

and X+
3 . However, there is no occurrence of experimentally

detected intermediate phases, and the ferroelectric B1a1
monoclinic ground state is reached by the simultaneous

condensation of the three unstable modes and could be denoted
as an avalanche phase transition.4

F. Spontaneous polarization

In both orthorhombic ferroelectric phases, spontaneous
polarization Ps expands along the a direction only, with no
component along c. We report, in Table X, the spontaneous
polarizations of different observed and hypothetical phases as
obtained using the Berry-phase approach [Ps(BP)] and using
Eq. (2) and the knowledge of the Born effective charges and
atomic distortions [Ps(Z∗)]. Again, determination of Ps(BP)
requires careful determination of the polarization quantum (see
discussion in Sec. III D).

In Table X we also report the contributions to the full
polarization arising from the individual !−

5 polar modes. We
see that the main contribution arises from the unstable !−

5
mode, which is also the most polar. We observe that the
spontaneous polarization is rather constant in the different
phases, in agreement with the weak coupling between polar
and rotational modes, yielding an almost-constant amplitude
of Q!−

5
as discussed in the previous section. The polar mode

of the highest frequency makes a tiny contribution but tends
to reduce the full polarization. We note that Ps(Z∗) slightly
overestimates Ps(BP), but since the same distortion is used in
both approaches, this has to be linked to the evolution of the
Born effective charges along the path of atomic distortion and
neglected in the computation of Ps(Z∗).

FIG. 4. (Color online) Summary diagram of phase transitions in Bi2WO6. #Et is in meV/formula unit and represents the difference in
energy with respect to I4/mmm, taken as the zero-energy reference.
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FIG. 2. Change in polarization p along a path of atomic distor-
tions from the paraelectric A2/m structure to the ferroelectric A2
structure. The possible values of P at given atomic positions differ by
multiples of the polarization quantum, PQ = 25.90 µC/cm2. Squares
represent formal polarizations in the interval [−PQ/2,PQ/2] (gray
area).

from the previous discussion, a transition to a nonferro-
electric P 1 ground state. Instead, experiments show that
Bi2WO6 exhibits low-temperature phases of orthorhombic
B2cb and P 21ab symmetries, subgroups of the centrosym-
metric I4/mmm parent phase, that is, the high-temperature
paraelectric phase of all Aurivillius compounds with a
number of perovskite blocks m > 1. We thus continue our
study by considering the hypothetical I4/mmm paraelectric
phase.

A. Structure

The I4/mmm structure as illustrated in Fig. 3(a) con-
tains 2 formula units per primitive unit cell (18 atoms)
and consists of Bi2O2 fluorite-like layers alternating with
perovskite-like blocks of corner-sharing octahedral chains.
Since I4/mmm is not observed experimentally, an estimate
of the paraelectric unit cell is deduced from the orthorhombic
lattice parameters of the experimental ferroelectric phase cited
in Ref. 16, using atetra = btetra = 3.86 Å =

√
aorthborth/2) and

ctetra = 16.52 Å. In order to facilitate the comparison with the
experimentally observed orthorhombic ferroelectric ground
state, which contains 4 formula units per primitive unit cell
(36 atoms), our calculations were performed in a tetragonal
I4/mmm unit cell doubled along the [110] directions, where
the lattice parameters become a = b = 5.45 Å, c = 16.52 Å
[see Fig. 3(b)], allowing the paraelectric and ferroelectric
phases to have the same number of atoms and the same
orientation. In what follows, a, b, and c are the vectors of
our doubled unit cell so that the a and b directions refer to the
[110] directions of the conventional centered unit cell, and c
to the direction perpendicular to them.

Structural parameters and internal atomic positions of the
I4/mmm hypothetical structure after full atomic relaxation are
reported in the top part of Table V. Our internal coordinates
show good agreement with those calculated by Machado et al.
in Ref. 16; those authors, however, worked with larger lattice

FIG. 3. (Color online) The hypothetical tetragonal I4/mmm

paraelectric phase of Bi2WO6: (a) side view and (b) top view,
highlighting the corresponding doubled cell in the [110] direction.

constants, corresponding to experimental values estimated as
discussed above.

We further note that the internal energy of the relaxed
I4/mmm structure is 156 meV per formula unit higher than
that of the A2/m phase. Henceforth, we report the energies
taking the I4/mmm structure as the reference. A summary
of the internal energies of all phases studied is provided in
Sec. V.

B. Dielectric properties

Our results for the dynamical effective charges of Bi2WO6
in the I4/mmm phase, for nonequivalent atoms, are presented
in Table VI. In this case, the Cartesian x, y, and z axes are
aligned along the crystalline a, b, and c directions.

As expected, there are large anomalous contributions to
Z∗, on W(+11e) and O1(−4.88e) atoms in the octahedral
ab plane and on W(+9.32e) and O2(−4.74e) atoms in the
apical direction. Within Bi2O2 layers, the large charges also
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energy functional was evaluated within the local density ap-
proximation (LDA) as parameterized by Perdew and Wang.23

Extended norm-conserving pseudopotentials from Teter24

were used, with Bi(5d 6s6p), W(5s 5p 5d 6s), and O(2s 2p)
levels treated as valence states. Wave functions were expanded
up to a kinetic energy cutoff of 50 Hartrees. Integrals over the
Brillouin zone were approximated by sums on a 6 × 6 × 1
Monkhorst-Pack mesh of special k points.25 The structural
optimization was done using the Broyden-Fletcher-Goldfarb-
Shanno minimization algorithm.26 We calculated the ab initio
forces on the ions and relaxed the position of each individual
atom until the absolute values of the forces were converged
to less than 10−5 Ha/Bohr. Phonons, Born effective charges
and dielectric tensors were calculated using density functional
perturbation theory,27 and spontaneous polarization using the
Berry phase formalism.29

III. HIGH-TEMPERATURE A2/m
MONOCLINIC STRUCTURE

We begin our study by fully characterizing the experi-
mentally observed paraelectric A2/m phase. In this structure,
for the first time, phonon instabilities are calculated together
with dielectric properties and Born effective charges. Further,
we move on with the characterization of the hypothetical
paraelectric I4/mmm phase.

A. Structure

The monoclinic A2/m paraelectric phase of Bi2WO6
(conventionally C2/m) contains 2 formula units per primitive
unit cell (18 atoms). The structure, illustrated in Fig. 1, consists
of alternative Bi2O2 fluorite-like and WO4 layers. Within this
structure the oxygen octahedra exhibit a peculiar edge-sharing
along the a axis. Along the b axis, the oxygen octahedra are
corner-sharing. As is conventional for Aurivillius phases, the
stacking axis normal to the layers is defined as the c axis
of the A2/m structure. The calculated lattice parameters and
internal positions are listed in Table I. Except for the systematic
LDA underestimate of lattice parameters, the results are in
reasonable agreement with the experiment. We note that the
lattice constants of Mohn and Stolen17 within the generalized
gradient approximation (GGA) are in closer agreement with
the experiment. This might, however, be partly fortuitous:
contrary to the LDA, the GGA is well known to overestimate
lattice constants, and this typical error (observed in the lower
temperature B2cb phase, as discussed in the next section)
might be partly compensated here by the thermal expansion,
since the experimental results to which the zero-temperature
calculations are compared were done at 965◦C.

B. Dielectric properties

Study of the Born effective charges (Z∗) and optical
dielectric tensor (ε∞) is important for the identification of
the long-range dipolar contribution to the lattice dynamic of a
polar insulator. Our results for Z∗ of nonequivalent atoms are
presented in Table II. For clarity, we note that A2/m has its
a and b axes aligned along the Cartesian x and y directions,
respectively, and the c axis makes an angle of (β − π

2 ) with
the z direction. Within this choice of Cartesian axis, the Born

FIG. 1. (Color online) Monoclinic A2/m paraelectric phase of
Bi2WO6 showing (a) edge-sharing octahedra in the ac plane and
(b) corner-sharing octahedra in the bc plane.

effective charge tensor has the form

Z∗ =

⎛

⎜⎝
Z∗

xx 0 Z∗
xz

0 Z∗
yy 0

Z∗
zx 0 Z∗

zz

⎞

⎟⎠ .

The Born effective charges for this material are much
larger than the nominal ionic ones and so follow the tendency
observed for the class of perovskite ABO3 compounds.30 Giant
anomalous Z∗ values are observed on W (+10.5e) and O′

1
(−7.76e) belonging to the W-O′

1 chains aligned along the b
axis. These values are similar to those reported for WO3

31

and can be assigned to W 5d–O 2p dynamical changes of
hybridization. Anomalous parts of the charge on W, and on
its surrounding O′′

1, O′
2, and O′′

2 oxygen atoms, are strongly
reduced along the x and z directions where W-O chains
are broken. Anomalous Z∗ values are also observed in the
Bi2O2 layer, with a large contribution observed on Bi and
its surrounding oxygen atoms. One can see a significant
difference between Bi1 and Bi2 (in the x direction) despite
their apparently similar environments in the Bi2O2 layer. The
Born effective charge is known to be a sensitive tool for probing
covalency effects30 and our results therefore support the recent
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Q represents the mode amplitude as explained in the previous
section. The values of the polynomial coefficients have
been obtained by systematic energy calculations after the
condensation of various combinations of the unstable modes.

The coefficients of Q2
!−

5
, Q2

X+
3

, and Q2
X+

2
are negative,

coherently with the phonon instabilities. The biquadratic
coupling coefficient between !−

5 (a) and X+
2 (b) is negative

but its value is extremely small. The biquadratic coupling
coefficients between X+

3 (a) and both !−
5 (a) and X+

2 (b) are
positive but still rather small, meaning that although the
appearance of X+

3 (a) tends to exclude the other two modes,
this effect is rather small. This is confirmed by the fact that,
although α!−

5
decreases due to the appearance of the other

modes, the mode amplitude Q!−
5

remains very similar in the
Fmm2, B2cb, and P 21ab phases.

The coupling scenario in Bi2WO6 is therefore rather
different from those of other previously studied Aurivillius
phases, namely, SrBi2Ta2O9 (m = 2) and Bi4Ti3O12 (m = 3).
In SrBi2Ta2O9, the strongest instability is the octahedral tilting
mode X−

3 around the a/b direction, and the condensation of
this mode alone results in a nonpolar intermediate phase. This
tilting mode and the polar mode !−

5 are mutually exclusive,
and the final ferroelectric phase Ama21 requires the presence
of a third stable mode, X+

2 , to stabilize.3 In Bi4Ti3O12, as
for Bi2WO6, there are three major unstable modes, !−

5 , X+
2 ,

and X+
3 . However, there is no occurrence of experimentally

detected intermediate phases, and the ferroelectric B1a1
monoclinic ground state is reached by the simultaneous

condensation of the three unstable modes and could be denoted
as an avalanche phase transition.4

F. Spontaneous polarization

In both orthorhombic ferroelectric phases, spontaneous
polarization Ps expands along the a direction only, with no
component along c. We report, in Table X, the spontaneous
polarizations of different observed and hypothetical phases as
obtained using the Berry-phase approach [Ps(BP)] and using
Eq. (2) and the knowledge of the Born effective charges and
atomic distortions [Ps(Z∗)]. Again, determination of Ps(BP)
requires careful determination of the polarization quantum (see
discussion in Sec. III D).

In Table X we also report the contributions to the full
polarization arising from the individual !−

5 polar modes. We
see that the main contribution arises from the unstable !−

5
mode, which is also the most polar. We observe that the
spontaneous polarization is rather constant in the different
phases, in agreement with the weak coupling between polar
and rotational modes, yielding an almost-constant amplitude
of Q!−

5
as discussed in the previous section. The polar mode

of the highest frequency makes a tiny contribution but tends
to reduce the full polarization. We note that Ps(Z∗) slightly
overestimates Ps(BP), but since the same distortion is used in
both approaches, this has to be linked to the evolution of the
Born effective charges along the path of atomic distortion and
neglected in the computation of Ps(Z∗).

FIG. 4. (Color online) Summary diagram of phase transitions in Bi2WO6. #Et is in meV/formula unit and represents the difference in
energy with respect to I4/mmm, taken as the zero-energy reference.
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TABLE IX. Contributions αi (see text) of the different phonon modes i to the atomic distortion from the paraelectric I4/mmm phase to the
different intermediate and ground-state ferroelectric phases of Bi2WO6. The distortion amplitude A (Bohr) is also reported in each case. Each
phonon mode is identified by its symmetry label and frequency (in brackets, in cm−1). The corresponding real-space eigendisplacements are
reported in Table VII. We limit ourselves to contributions αi > 0.01.

"−
5 X−

2 X+
2 X+

3 X+
4 "−

5 X−
2 X+

3 "−
5

Phase A [198i] [183i] [135i] [104i] [98i] [29] [80] [107] [137]

Phases arising from single-mode condensation
Fmm2 361.0 0.84 0.51 0.11
Amma 395.6 0.79 0.60
Abam 444.7 0.99
Bmab 444.5 0.98 0.14
Amaa 384.0 0.99
Experimentally observed phases
B2cb 601.0 0.53 0.79 0.24 0.09
P 21ab 582.7 0.52 0.59 0.55 0.04 0.1 0.09
Hypothetical phases
A21ma 514.5 0.58 0.78 0.01 0.11
P 21/a 455.0 0.76 0.62 0.11

the relative contributions of the different modes entering into
a given distortion.

In the top part of Table IX, we report the most significant
mode contributions to the atomic distortions in the phases
arising from the condensation of individual instabilities (lim-
iting ourselves to contributions αi > 0.01). We can see that
the Abam and Amaa phases arise from the condensation of
the related unstable mode only, while the Fmm2, Amma, and
Bmab phases also involve small contributions of additional
stable modes of the same symmetry, as induced by phonon-
phonon anharmonic couplings.

As highlighted in the previous section, the ferroelectric
P 21ab ground state results from the condensation of three
distinct atomic distortions, "−

5 , X+
3 , and X+

2 , into I4/mmm.
Due to symmetry considerations, these three modes cannot
couple linearly. However, the Bi2WO6 structure does allow
numerous trilinear coupling terms. Thanks to the ISOTROPY
software,33 we have identified the following symmetry-
allowed possibilities involving the "−

5 mode and one of the
X+

2 and X+
3 modes:

"−
5 ⊕ X+

2 ⊕ X−
3 , "−

5 ⊕ X+
2 ⊕ X−

4 ,

"−
5 ⊕ X+

3 ⊕ X−
1 , "−

5 ⊕ X+
3 ⊕ X−

2 .

This teaches us that the presence of "−
5 and X+

3 major
modes in the intermediate B2cb phase automatically allows

the appearance of minor X−
1 and X−

2 modes. Moreover, the
addition of the X+

2 mode in the P 21ab ground state is
compatible with the additional appearance of minor X−

3 and
X−

4 modes. If we look in Table X, however, at the modes that
have been condensed to reach the B2cb and P 21ab phases, we
see significant contributions only from the "−

5 , X+
3 , and X+

2
modes (the unstable ones and, eventually, higher frequency
modes of the same symmetries). This means that, although
various trilinear coupling terms exist, none of them is strong
enough to succeed in condensing any of the minor modes
significantly (i.e., αi is not rigorously 0 but is <0.01).

Since the contributions of all minor modes are negligible,
we performed an expansion of the energy (in meV/formula
unit), limiting ourselves to the major unstable modes that enter
the observed orthorhombic phases only [i.e., "−

5 (a), X+
3 (a),

and X+
2 (b)]:

#Et

(
Q"−

5
,QX+

2
,QX+

3

)

= −2.50Q2
"−

5
− 7.50 × 10−1Q2

X+
3

− 1.03Q2
X+

2

+ 1.36 × 10−5Q4
"−

5
+ 1.97 × 10−6Q4

X+
3

+ 2.65 × 10−6Q4
X+

2
+ 2.10 × 10−6Q2

"−
5
Q2

X+
3

− 1.79 × 10−9Q2
"−

5
Q2

X+
2

+ 1.79 × 10−6Q2
X+

3
Q2

X+
2
.

TABLE X. Spontaneous polarization (in µC/cm2) of different observed or hypothetical polar phases of Bi2WO6.
Ps(BP) refers to the polarization computed using the Berry-phase approach [Eq. (1)]. Ps(Z∗) corresponds to the
polarization deduced from the knowledge of the Born effective charges and atomic displacements [Eq. (2)]. The latter
has been decomposed into the contributions coming from the lowest frequency "−

5 polar modes37 identified by their
frequency $ (in brackets, in cm−1) and mode polarity e

$

∑
Z∗η (in parentheses, in µC/cm2).

Phase "−
5 [198i] (0.18) "−

5 [29] (0.03) "−
5 [137] (−0.06) Ps(Z∗) Ps(BP)

Fmm2 55.26 4.82 −2.40 58.59 53.98
B2cb 57.92 3.77 −3.30 58.29 52.06
P 21ab 55.09 0.61 −3.17 52.63 48.16
A21ma 53.32 −0.13 −3.42 49.96 46.98
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TABLE IX. Contributions αi (see text) of the different phonon modes i to the atomic distortion from the paraelectric I4/mmm phase to the
different intermediate and ground-state ferroelectric phases of Bi2WO6. The distortion amplitude A (Bohr) is also reported in each case. Each
phonon mode is identified by its symmetry label and frequency (in brackets, in cm−1). The corresponding real-space eigendisplacements are
reported in Table VII. We limit ourselves to contributions αi > 0.01.
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the relative contributions of the different modes entering into
a given distortion.

In the top part of Table IX, we report the most significant
mode contributions to the atomic distortions in the phases
arising from the condensation of individual instabilities (lim-
iting ourselves to contributions αi > 0.01). We can see that
the Abam and Amaa phases arise from the condensation of
the related unstable mode only, while the Fmm2, Amma, and
Bmab phases also involve small contributions of additional
stable modes of the same symmetry, as induced by phonon-
phonon anharmonic couplings.

As highlighted in the previous section, the ferroelectric
P 21ab ground state results from the condensation of three
distinct atomic distortions, "−

5 , X+
3 , and X+

2 , into I4/mmm.
Due to symmetry considerations, these three modes cannot
couple linearly. However, the Bi2WO6 structure does allow
numerous trilinear coupling terms. Thanks to the ISOTROPY
software,33 we have identified the following symmetry-
allowed possibilities involving the "−

5 mode and one of the
X+

2 and X+
3 modes:

"−
5 ⊕ X+

2 ⊕ X−
3 , "−

5 ⊕ X+
2 ⊕ X−

4 ,

"−
5 ⊕ X+

3 ⊕ X−
1 , "−

5 ⊕ X+
3 ⊕ X−

2 .

This teaches us that the presence of "−
5 and X+

3 major
modes in the intermediate B2cb phase automatically allows

the appearance of minor X−
1 and X−

2 modes. Moreover, the
addition of the X+

2 mode in the P 21ab ground state is
compatible with the additional appearance of minor X−

3 and
X−

4 modes. If we look in Table X, however, at the modes that
have been condensed to reach the B2cb and P 21ab phases, we
see significant contributions only from the "−

5 , X+
3 , and X+

2
modes (the unstable ones and, eventually, higher frequency
modes of the same symmetries). This means that, although
various trilinear coupling terms exist, none of them is strong
enough to succeed in condensing any of the minor modes
significantly (i.e., αi is not rigorously 0 but is <0.01).

Since the contributions of all minor modes are negligible,
we performed an expansion of the energy (in meV/formula
unit), limiting ourselves to the major unstable modes that enter
the observed orthorhombic phases only [i.e., "−

5 (a), X+
3 (a),

and X+
2 (b)]:

#Et

(
Q"−

5
,QX+

2
,QX+

3

)

= −2.50Q2
"−

5
− 7.50 × 10−1Q2

X+
3

− 1.03Q2
X+

2

+ 1.36 × 10−5Q4
"−

5
+ 1.97 × 10−6Q4

X+
3

+ 2.65 × 10−6Q4
X+

2
+ 2.10 × 10−6Q2

"−
5
Q2

X+
3

− 1.79 × 10−9Q2
"−

5
Q2

X+
2

+ 1.79 × 10−6Q2
X+

3
Q2

X+
2
.

TABLE X. Spontaneous polarization (in µC/cm2) of different observed or hypothetical polar phases of Bi2WO6.
Ps(BP) refers to the polarization computed using the Berry-phase approach [Eq. (1)]. Ps(Z∗) corresponds to the
polarization deduced from the knowledge of the Born effective charges and atomic displacements [Eq. (2)]. The latter
has been decomposed into the contributions coming from the lowest frequency "−

5 polar modes37 identified by their
frequency $ (in brackets, in cm−1) and mode polarity e

$

∑
Z∗η (in parentheses, in µC/cm2).

Phase "−
5 [198i] (0.18) "−

5 [29] (0.03) "−
5 [137] (−0.06) Ps(Z∗) Ps(BP)

Fmm2 55.26 4.82 −2.40 58.59 53.98
B2cb 57.92 3.77 −3.30 58.29 52.06
P 21ab 55.09 0.61 −3.17 52.63 48.16
A21ma 53.32 −0.13 −3.42 49.96 46.98
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Q represents the mode amplitude as explained in the previous
section. The values of the polynomial coefficients have
been obtained by systematic energy calculations after the
condensation of various combinations of the unstable modes.

The coefficients of Q2
!−

5
, Q2

X+
3

, and Q2
X+

2
are negative,

coherently with the phonon instabilities. The biquadratic
coupling coefficient between !−

5 (a) and X+
2 (b) is negative

but its value is extremely small. The biquadratic coupling
coefficients between X+

3 (a) and both !−
5 (a) and X+

2 (b) are
positive but still rather small, meaning that although the
appearance of X+

3 (a) tends to exclude the other two modes,
this effect is rather small. This is confirmed by the fact that,
although α!−

5
decreases due to the appearance of the other

modes, the mode amplitude Q!−
5

remains very similar in the
Fmm2, B2cb, and P 21ab phases.

The coupling scenario in Bi2WO6 is therefore rather
different from those of other previously studied Aurivillius
phases, namely, SrBi2Ta2O9 (m = 2) and Bi4Ti3O12 (m = 3).
In SrBi2Ta2O9, the strongest instability is the octahedral tilting
mode X−

3 around the a/b direction, and the condensation of
this mode alone results in a nonpolar intermediate phase. This
tilting mode and the polar mode !−

5 are mutually exclusive,
and the final ferroelectric phase Ama21 requires the presence
of a third stable mode, X+

2 , to stabilize.3 In Bi4Ti3O12, as
for Bi2WO6, there are three major unstable modes, !−

5 , X+
2 ,

and X+
3 . However, there is no occurrence of experimentally

detected intermediate phases, and the ferroelectric B1a1
monoclinic ground state is reached by the simultaneous

condensation of the three unstable modes and could be denoted
as an avalanche phase transition.4

F. Spontaneous polarization

In both orthorhombic ferroelectric phases, spontaneous
polarization Ps expands along the a direction only, with no
component along c. We report, in Table X, the spontaneous
polarizations of different observed and hypothetical phases as
obtained using the Berry-phase approach [Ps(BP)] and using
Eq. (2) and the knowledge of the Born effective charges and
atomic distortions [Ps(Z∗)]. Again, determination of Ps(BP)
requires careful determination of the polarization quantum (see
discussion in Sec. III D).

In Table X we also report the contributions to the full
polarization arising from the individual !−

5 polar modes. We
see that the main contribution arises from the unstable !−

5
mode, which is also the most polar. We observe that the
spontaneous polarization is rather constant in the different
phases, in agreement with the weak coupling between polar
and rotational modes, yielding an almost-constant amplitude
of Q!−

5
as discussed in the previous section. The polar mode

of the highest frequency makes a tiny contribution but tends
to reduce the full polarization. We note that Ps(Z∗) slightly
overestimates Ps(BP), but since the same distortion is used in
both approaches, this has to be linked to the evolution of the
Born effective charges along the path of atomic distortion and
neglected in the computation of Ps(Z∗).

FIG. 4. (Color online) Summary diagram of phase transitions in Bi2WO6. #Et is in meV/formula unit and represents the difference in
energy with respect to I4/mmm, taken as the zero-energy reference.
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TABLE V. Calculated unit cell parameters and internal atomic po-
sitions in the hypothetical paraelectric I4/mmm phase doubled along
[110] and the B2cb and P 21ab ferroelectric phases. Experimental
values estimated from Ref. 16 for the tetragonal paraelectric phase
(see text) and taken from Ref. 13 for orthorhombic ferroelectric phases
are reported in parentheses for comparison. We do not report Wyckoff
positions for the I4/mmm phase since our unit cell is doubled.

Structure Atom Wyckoff x y z

I4/mmm

a = 5.31 Å Bi 0.0000 0.5000 0.1756
(5.45) (0.0000 0.5000 0.1701)

W 0.0000 0.0000 0.0000
c = 16.14 Å O1 0.2500 0.7500 0.0000
(16.52) O2 0.0000 0.0000 0.1143

(0.0000 0.0000 0.1152)
O3 0.2500 0.2500 0.7500

B2cb

a = 5.35 Å
(5.49) Bi 8b 0.9961 0.5149 0.1702

(0.9947 0.5116 0.1722)
W 4a 0.0000 0.0000 0.0000

b = 5.38 Å AO1 8b 0.2173 0.7534 0.9828
(5.52) (0.2981 0.7399 0.9892)

O2 8b 0.0641 0.9536 0.1101
c = 16.12 Å (0.0753 0.9587 0.1087)
(16.54) O3 8b 0.2369 0.2547 0.7484

(0.2771 0.2550 0.7499)

P 21ab

a = 5.30 Å Bi1 4a 0.0109 0.4843 0.1698
(5.45) (−0.0126 0.5113 0.1730)

Bi2 4a 0.0036 0.5074 −0.1698
b = 5.32 Å (−0.0113 0.4762 0.1719)
(5.48) W 4a 0.0000 0.0000 0.0000

O′
1 4a 0.2318 0.6896 0.0108

c = 16.17 Å (0.2679 0.6933 −0.0147)
(16.47) O′′

1 4a 0.3321 0.1984 −0.0109
(0.3342 0.2220 0.0163)

O′
2 4a −0.0684 −0.0368 0.1109

(0.0854 0.0449 0.1072)
O′′

2 4a 0.4428 0.4563 −0.1108
(0.5703 0.5526 −0.1086)

O′
3 4a 0.2676 0.2413 0.7515

(0.2728 0.2508 0.7489)
O′′

3 4a 0.2752 0.2465 0.2516
(0.2740 0.2326 0.2514)

observed on Bi(+5e) attest to the ionico-covalent character of
bonding in both the fluorite-like and the perovskite-like units
of Aurivillius structures. Comparison with A2/m shows that
Z∗ values on W along W-O chains are in the same range of
values for both structures, but O′

1(−7.76e) in A2/m is much
larger than O1(−4.88e) in I4/mmm.

The optical dielectric tensor ε∞ is given by

ε∞ =

⎛

⎜⎝
7.60 0 0

0 7.60 0
0 0 6.84

⎞

⎟⎠ .

TABLE VI. Nonzero elements of the calculated Born effective
charge tensors in Cartesian coordinates for Bi2WO6 in the hypothet-
ical tetragonal I4/mmm symmetry.

Atom Z∗
xx Z∗

yy Z∗
zz Znom

Bi 5.00 5.00 4.29 +3
W 11.09 11.09 9.32 +6
O1 −4.88 −4.88 −1.46 −2
O2 −2.7 −2.7 −4.74 −2
O3 −2.95 −2.95 −2.74 −2

These values are comparable to those reported for the A2/m
phase.

C. Phonon instabilities

Starting from a fully relaxed tetragonal prototype structure,
we computed the zone-center phonon modes of the doubled
36-atom unit cell, which, due to the folding of the Brillouin
zone, in fact combine phonons at the " and X points in the
Brillouin zone of the primitive unit cell. We identified five
unstable phonon modes, twofold degenerated along the a and
b directions. The mode with the largest instability lies at
the Brillouin-zone center " with a frequency at 198i cm−1

and corresponding to the irreducible representation "−
5 . The

four other unstable modes are at the zone boundary point
X = ( 1

2 , 1
2 ,0),33 with frequencies at 183i, 135i, 104i, and 98i

cm−1 and corresponding to the irreducible representations,
X−

2 , X+
2 , X+

3 , and X+
4 , respectively. The latter four modes

are antiferrodistortive modes since they are at the zone
boundary X; their condensation in the tetragonal structure
will necessarily lead to the unit cell doubling along the [110]
direction. The complete list of " phonons and a comparison
with the results of Machado et al.16 is provided in the
Appendix.

In what follows, we describe the atomic motions associated
with the different unstable modes as deduced from inspection
of the real-space eigendisplacements and reported in Table VII.
The strongest unstable mode "−

5 (ω = 198i cm−1), degener-
ated into "−

5 (a) and "−
5 (b), corresponds to the polar motion

of W and Bi atoms against the oxygens along the a axis
for "−

5 (a) or along the b axis for "−
5 (b), together with a

small additional shift of O1 octahedral oxygen atoms in the
ab plane.

We note that, in our calculations, only one polar mode is
unstable, while the presence of a second unstable polar mode,
related to a nearly rigid motion of the Bi2O2 layer relative to
the perovskite-like block (rigid-layer mode), was reported in
Ref. 16. Such a polar mode exists in our phonon calculations
but appears at the slightly stable frequency of 29 cm−1 (labeled
"−

5
29 in Table VII). This difference probably arises from the

slightly different cell parameters used in both calculations.
The second unstable mode, X−

2 (ω = 183i cm−1), degen-
erated into X−

2 (a) and X−
2 (b), corresponds to an antipolar

motion with displacements of the atoms very similar to the
"−

5 mode, except for O3 atoms. The third unstable mode, X+
2

(ω = 135i cm−1), degenerated into X+
2 (a) and X+

2 (b), consists
of a rotation of oxygen octahedra about the c axis. In this mode,
W and O2 atoms have no displacements, while O1 atoms shift
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TABLE V. Calculated unit cell parameters and internal atomic po-
sitions in the hypothetical paraelectric I4/mmm phase doubled along
[110] and the B2cb and P 21ab ferroelectric phases. Experimental
values estimated from Ref. 16 for the tetragonal paraelectric phase
(see text) and taken from Ref. 13 for orthorhombic ferroelectric phases
are reported in parentheses for comparison. We do not report Wyckoff
positions for the I4/mmm phase since our unit cell is doubled.

Structure Atom Wyckoff x y z

I4/mmm

a = 5.31 Å Bi 0.0000 0.5000 0.1756
(5.45) (0.0000 0.5000 0.1701)

W 0.0000 0.0000 0.0000
c = 16.14 Å O1 0.2500 0.7500 0.0000
(16.52) O2 0.0000 0.0000 0.1143

(0.0000 0.0000 0.1152)
O3 0.2500 0.2500 0.7500

B2cb

a = 5.35 Å
(5.49) Bi 8b 0.9961 0.5149 0.1702

(0.9947 0.5116 0.1722)
W 4a 0.0000 0.0000 0.0000

b = 5.38 Å AO1 8b 0.2173 0.7534 0.9828
(5.52) (0.2981 0.7399 0.9892)

O2 8b 0.0641 0.9536 0.1101
c = 16.12 Å (0.0753 0.9587 0.1087)
(16.54) O3 8b 0.2369 0.2547 0.7484

(0.2771 0.2550 0.7499)

P 21ab

a = 5.30 Å Bi1 4a 0.0109 0.4843 0.1698
(5.45) (−0.0126 0.5113 0.1730)

Bi2 4a 0.0036 0.5074 −0.1698
b = 5.32 Å (−0.0113 0.4762 0.1719)
(5.48) W 4a 0.0000 0.0000 0.0000

O′
1 4a 0.2318 0.6896 0.0108

c = 16.17 Å (0.2679 0.6933 −0.0147)
(16.47) O′′

1 4a 0.3321 0.1984 −0.0109
(0.3342 0.2220 0.0163)

O′
2 4a −0.0684 −0.0368 0.1109

(0.0854 0.0449 0.1072)
O′′

2 4a 0.4428 0.4563 −0.1108
(0.5703 0.5526 −0.1086)

O′
3 4a 0.2676 0.2413 0.7515

(0.2728 0.2508 0.7489)
O′′

3 4a 0.2752 0.2465 0.2516
(0.2740 0.2326 0.2514)

observed on Bi(+5e) attest to the ionico-covalent character of
bonding in both the fluorite-like and the perovskite-like units
of Aurivillius structures. Comparison with A2/m shows that
Z∗ values on W along W-O chains are in the same range of
values for both structures, but O′

1(−7.76e) in A2/m is much
larger than O1(−4.88e) in I4/mmm.

The optical dielectric tensor ε∞ is given by

ε∞ =

⎛

⎜⎝
7.60 0 0

0 7.60 0
0 0 6.84

⎞

⎟⎠ .

TABLE VI. Nonzero elements of the calculated Born effective
charge tensors in Cartesian coordinates for Bi2WO6 in the hypothet-
ical tetragonal I4/mmm symmetry.

Atom Z∗
xx Z∗

yy Z∗
zz Znom

Bi 5.00 5.00 4.29 +3
W 11.09 11.09 9.32 +6
O1 −4.88 −4.88 −1.46 −2
O2 −2.7 −2.7 −4.74 −2
O3 −2.95 −2.95 −2.74 −2

These values are comparable to those reported for the A2/m
phase.

C. Phonon instabilities

Starting from a fully relaxed tetragonal prototype structure,
we computed the zone-center phonon modes of the doubled
36-atom unit cell, which, due to the folding of the Brillouin
zone, in fact combine phonons at the " and X points in the
Brillouin zone of the primitive unit cell. We identified five
unstable phonon modes, twofold degenerated along the a and
b directions. The mode with the largest instability lies at
the Brillouin-zone center " with a frequency at 198i cm−1

and corresponding to the irreducible representation "−
5 . The

four other unstable modes are at the zone boundary point
X = ( 1

2 , 1
2 ,0),33 with frequencies at 183i, 135i, 104i, and 98i

cm−1 and corresponding to the irreducible representations,
X−

2 , X+
2 , X+

3 , and X+
4 , respectively. The latter four modes

are antiferrodistortive modes since they are at the zone
boundary X; their condensation in the tetragonal structure
will necessarily lead to the unit cell doubling along the [110]
direction. The complete list of " phonons and a comparison
with the results of Machado et al.16 is provided in the
Appendix.

In what follows, we describe the atomic motions associated
with the different unstable modes as deduced from inspection
of the real-space eigendisplacements and reported in Table VII.
The strongest unstable mode "−

5 (ω = 198i cm−1), degener-
ated into "−

5 (a) and "−
5 (b), corresponds to the polar motion

of W and Bi atoms against the oxygens along the a axis
for "−

5 (a) or along the b axis for "−
5 (b), together with a

small additional shift of O1 octahedral oxygen atoms in the
ab plane.

We note that, in our calculations, only one polar mode is
unstable, while the presence of a second unstable polar mode,
related to a nearly rigid motion of the Bi2O2 layer relative to
the perovskite-like block (rigid-layer mode), was reported in
Ref. 16. Such a polar mode exists in our phonon calculations
but appears at the slightly stable frequency of 29 cm−1 (labeled
"−

5
29 in Table VII). This difference probably arises from the

slightly different cell parameters used in both calculations.
The second unstable mode, X−

2 (ω = 183i cm−1), degen-
erated into X−

2 (a) and X−
2 (b), corresponds to an antipolar

motion with displacements of the atoms very similar to the
"−

5 mode, except for O3 atoms. The third unstable mode, X+
2

(ω = 135i cm−1), degenerated into X+
2 (a) and X+

2 (b), consists
of a rotation of oxygen octahedra about the c axis. In this mode,
W and O2 atoms have no displacements, while O1 atoms shift
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theoretical framework, they correspond to the purely electronic
response to a static field. It is well-known that DFT (LDA)
usually overestimates the absolute value of ε∞ with respect to
the experiment. This problem is linked to the underestimation
of the electronic bandgap and the lack of polarization
dependence of local (LDA) exchange-correlation functionals.26

To overcome this problem, it is a common practice to apply the
so-called “scissors correction”,27 in which we use an empirical
rigid shift of the conduction bands to adjust the LDA band gap

to the experimental value. By comparing our calculated band
gap value (Eg

calc = 1.9 eV) with the experimental one (Eg
exp = 2.6

eV5), the scissors correction is fixed to 0.7 eV. As expected, this
correction slightly decreases the values of the optical dielectric
tensor (see Table 4).
The optical dielectric tensor components and related

refractive indices in the ferroelectric phase have values smaller
than those observed in the paraelectric phase. The refractive
indices in the P21ab phase after the scissors correction have
amplitudes comparable to what was measured by Yanovskii and
Voronkova (n ≈ 2.5).8 We also predict a weak negative
birefringence (reduction of n along the polar axis) but with a
birefringence amplitude one order of magnitude smaller than
that estimated experimentally.
The static (or low-frequency) dielectric tensor of the P21ab

ferroelectric phase can also be estimated theoretically. The
fixed-strain relaxed-ion dielectric tensor, ε(η), can be obtained
by adding to the purely electronic response (ε∞) the
contribution coming from the response of the ions to the
electric field. To estimate this last contribution, one can use a
model that assimilates the solid to a system of undamped
harmonic oscillators. Doing so, ε(η) appears as the sum of an

Table 1. Experimental6 and Calculated Atomic Positions of Bi2WO6 in its P21ab Ferroelectric Phase

calculated (0 K) experimental (300 K)

atoms x/a y/b z/c x/a y/b z/c

Bi1 −0.0109 0.5102 0.1698 −0.0126 0.5191 0.1726
Bi2 −0.0036 0.4872 −0.1698 −0.0113 0.4839 −0.1722
W 0.0000 −0.0055 0.0000 0.0000 0.0077 −0.0004
O′1 0.1679 0.7039 −0.0108 0.2679 0.7015 −0.0151
O″1 0.2682 0.1951 0.0109 0.3342 0.2297 0.0159
O′2 0.4532 0.5363 0.1114 0.5703 0.5603 0.1082
O″2 −0.0355 0.0491 −0.1108 0.0854 0.0526 −0.1076
O′3 0.2464 0.2519 0.2483 0.2740 0.2403 0.2511
O″3 0.2541 0.2468 0.7484 0.2728 0.2585 0.7485

Table 2. Contribution of the Phonon Modes of the
Hypothetical I4/mmm Phase (Frequencies in Brackets in
cm−1) to the Distortion from the I4/mmm Phase to the
Calculated and Experimental (300 K) P21ab Ground Statea

Γ5
− X2

+ X3
+ Γ5

−

A (198i) (135i) (104i) (29)

calculated (present) 585 0.52 0.59 0.55 0.04
experiment (300 K)6 772 0.56 0.30 0.59 0.35

aOnly the most significant contributions are retained. A is the
distortion amplitude (in Bohr) and αi the cosine director, according to
the conventions and normalization conditions defined in ref 7.

Table 3. Born Effective Charge Tensors (Z*) and Their Main Values (between Brackets) of the Bi2WO6 Ferroelectric Phase
a

Z*(Bi1) Z*(Bi2) Z*(W)

−
−

−

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

4.94 0.0008 0.36
0.02 4.76 0.46
0.03 0.37 4.42

−

−

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

4.81 0.18 0.41
0.12 4.86 0.64
0.47 0.29 4.47

− −
− −

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

7.39 0.82 0.02
0.57 8.13 0.13
0.13 0.50 8.31

[5.10 4.90 4.10] [5.23 4.98 3.92] [8.42 8.04 7.35]

(5.00 5.00 4.29) (5.00 5.00 4.29) (11.09 11.09 9.32)

Z*(O1′) Z*(O2′) Z*(O3′)

− −
−

− −

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

3.59 2.32 0.27
2.19 3.56 0.09
0.22 0.06 1.42

− −
−

−

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

2.34 0.11 1.06
0.16 2.17 0.53
0.52 0.62 4.48

− − −
− − −
− − −

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

2.93 0.2 0.03
0.002 2.88 0.04
0.01 0.21 2.71

− − −[ 5.83 1.49 1.24] − − −[ 5.68 1.50 1.22] − − −[ 3.03 2.84 2.64]

− − −( 4.88 4.88 1.46) − − −( 4.74 2.70 2.70) − − −( 2.95 2.95 2.74)

Z*(O1′′) Z*(O2′′) Z*(O3′′)

−
− −
− −

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

3.10 2.17 0.004
2.08 3.93 0.27
0.09 0.28 1.39

− −
− − −

− −

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

2.27 0.08 0.86
0.02 2.28 0.87

0.34 0.89 4.46

− −
−

− −

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

2.89 0.19 0.05
0.003 2.91 0.03

0.04 0.20 2.72

− − −[ 5.68 1.50 1.22] − − −[ 4.88 2.32 1.80] − − −[ 3.88 2.70 1.92]

− − −( 4.88 4.88 1.46) − − −( 4.74 2.70 2.70) − − −( 2.95 2.95 2.74)

aThe Z* of the paraelectric phase are also reported between parentheses for comparison.
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II. TECHNICAL DETAILS
First-principles calculations were performed within the density
functional theory and the local density approximation (LDA)
using the ABINIT package.11−13 We used highly transferable
Teter pseudopotentials.14 Bi(5d, 6s, 6p), W(5s, 5p, 5d, 6s), and
O(2s, 2p) electrons were considered as valence states in the
construction of the pseudopotentials. The electronic wave
functions were expanded in plane-waves up to a kinetic energy
cutoff of 55 Ha. Integrals over the Brillouin zone were
approximated by sums over a 8 × 8 × 3 mesh of special k-
points according to the Monkhorst−Pack scheme.15 Relaxa-
tions of the lattice parameters and the atomic positions were
performed using the Broyden−Fletcher−Goldfarb−Shanno
algorithm16 until the maximum residual forces on the atoms
and stress were less than 1 × 10−5 Ha/Bohr and 1 × 10−3 GPa,
respectively.
Born effective charges, dielectric tensors, and dynamical

matrix (yielding the phonon frequencies and eigenvectors)
were obtained within a variational approach to density
functional perturbation theory.17 The Raman susceptibilities,
the second-order nonlinear optical susceptibilities, and the
Pockels tensor have been obtained within a nonlinear response
formalism taking advantage of the 2n + 1 theorem.18,19 The
infrared absorption and Raman spectra were, respectively,
calculated as described in refs 20 and 21.
Throughout this paper, we use the nonstandard setting P21ab

to conform with the convention describing the ferroelectric
phase. In this setting, the crystallographic a-axis is chosen as the
polar axis and the c-axis as the stacking axis that is orthogonal to
the fluorite and perovskite layers (see Figure 1). All tensors will

be reported in Cartesian coordinates where the orthogonal
reference system (x, y, z) is chosen, such as x is aligned along
the polar axis and z is aligned along the stacking axis.
In contrast, Maczka et al.9 used the conventional Pca21

standard setting to investigate the polarized Raman spectra on a
single crystal, where the polar axis is along the c-axis and the
stacking direction is along the b-axis. Thus, the comparison of
their experimental results with ours was performed after the
application of the transformation matrix from Pca21 to P21ab

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

0 1 0
0 0 1
1 0 0

In addition, we notice that comparisons with the experimental
results of Yanovskii and Voronkova8 (discussed later in this
manuscript) have to be taken with caution since: (i) we do not
know exactly at which temperature they were measured, (ii)
they are a priori from the authors, associated with an Aba2 or
Pba2 phase, experimentally recently proven to be the
intermediate phase within the 670−950 °C temperature
range,6 and (iii) the authors claim an accuracy of 10−20% only.

III. P21ab GROUND-STATE STRUCTURE
At room temperature, Bi2WO6 crystallizes in the P21ab (C2v

5 )
orthorhombic space group with the following experimental
lattice constants: a = 5.45 Å, b = 5.48 Å, and c = 16.47 Å.6

These experimental lattice constants are slightly under-
estimated by 2% in our calculations (a = 5.30 Å, b = 5.32 Å,
and c = 16.17 Å), as usually observed in LDA.7 The nine
independent atoms in this structure occupy the 4a Wyckoff
position, leading to a 36 atom primitive unit cell (Z = 4). The
calculated atomic positions are given in Table 1 and compared
to the experimental ones measured at room temperature. In
addition, to have a more quantitative comparison with the
experimental data on the atomic distortions, we report in Table
2 the projection of the atomic distortions from the hypothetical
tetragonal paraelectric I4/mmm phase to the orthorhombic
ferroelectric P21ab ground state, onto the phonon eigendis-
placement vectors of the I4/mmm phase. Only the most
significant contributions are retained. These two tables show
the good qualitative agreement between our predictions and
the experimental data. However, we note from Table 2 that,
due to the underestimation of the LDA volume, the amplitude
of the distortions is globally underestimated in the relaxed
structure. Similarly, the larger volume of the experimental
structure leads to an increase of the Γ5

− (29 cm−1) stable polar
mode and to a decrease of the c-axis rotation of oxygen
octahedra (X2

+ mode).

IV. DIELECTRIC PROPERTIES
Born effective charge tensors (Z*) are dynamical quantities
strongly influenced by dynamical changes of orbital hybrid-
ization induced by atomic displacements.22,23 Z* tensors have
been calculated for the nine nonequivalent atoms of Bi2WO6 in
its P21ab ferroelectric phase, and they are listed in Table 3. The
main values of these tensors have also been reported for a
better comparison with Bi2WO6 nominal atomic charges (+3,
+6, and −2 for Bi, W, and O atoms, respectively). We observe
that the Z*(W), Z*(O1), and Z*(O2) atoms are strongly
anomalous compared to their nominal values. These anomalous
Z* yield a strong spontaneous polarization of 48 μC/cm2 in the
P21ab phase.7 These values can be linked to hybridization
between the 2p orbitals of O1 and O2 types of oxygens and the
5d orbitals of W atoms, as reported for the ABO3 prototypical
ferroelectrics.24,25 We observe also sizable anomalous Z* on Bi
and O3 atoms; in this case, however, the lone pair of Bi could
play an active role beyond purely hybridization effects. We note
that the off-diagonal terms of Z* are very small except for O1
atoms in the basal plane of the crystal.
The optical dielectric tensors of the ferroelectric and the

paraelectric phases of Bi2WO6 are reported in Table 4. In our

Figure 1. Primitive unit cell of Bi2WO6 in its P21ab ferroelectric phase.
[100] is the polar axis, and [001] the stacking axis.
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qAgate 
(Abinit Graphical Analysis Technical Engine)  

Amongst many other functionalities : 
 
-  Condense phonon modes with  given amplitudes in a 

REF structure (useful to look at energy wells or fit an 
energy expansion in terms of selected degrees of 
freedom). 

-  Provides mode-by-mode analysis of a the distortion 
between a REF and a distorted structure. 

 (a public version with documentation soon) 


