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§ Raman scattering basics

§ PEAD approach vs Full DFPT approach

§ 2nd order Sternheimer equation

§ How to use ABINIT

§ How to get Raman spectra
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RAMAN SCATTERING BASICS

§ Stokes mechanism : inelastic scattering of an incident photon 
interacting with a phonon ⇒ Frequency shift between the incident and 
scattered light : ∆ω = ωm

§ We treat only non resonant scattering : Eγ < Egap

⇒ Relevant only for insulators

§ Measured intensity ≈ sum of Lorentzian functions:

§ Only active phonon modes contribute:

They have a null wave vector (q = 0).

They follow selection rules depending on crystal symmetries and 
photon polarization

1. Theory of non-resonant Raman scattering
⌅Basics

Stokes mecanism : inelastic scattering of an
incident photon interacting with a phonon.

) Frequency shift between the incident and
scattered light : �! = !m

We treat only non resonant scattering : E� < E

) Relevant only for insulators

Measured intensity ⇡ sum of lorentzian functions :

I(!) ⇡
X

m

Im
⇡

Cm

(! � !m)2 + C2
m

Only active phonon modes contribute :
They have a null wavector (q = 0)

They follow selection rules depending on
crystal symmetries and photon polarization
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RAMAN SCATTERING BASICS

Peak properties :

§ Position: ωm phonon frequency
⇒ 2nd derivatives of the total energy E

§ Intensity: Im
⇒ 3rd derivatives of the total energy E

§ Width : Cm
⇒ 3rd and 4th derivatives of the total energy E
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RAMAN SCATTERING BASICS1. Theory of non-resonant Raman scattering
⌅Raman intensity / Raman tensor

For a single crystal :

Im / (!0 � !m)
4

!m
|eS.↵

m.eI |
2

For polycrystals : mean
over all possible angles
between eI and eS.

!0/!m : light / phonon frequency

eI/eS : incident / scattered photon
polarization direction

↵m : Raman tensor, depending on
crystal properties

Raman tensor :

↵m
ij =

p
⌦0

X

,�

d�ij

d⌧�
um(�)

⌦0 : crystal volume

um(�) : eigendisplacement m of
atom  along direction �

d�ij
d⌧�

: derivative of the electric
susceptiblity with respect to the
displacement of atom  along
direction � (at ⌧� = 0)
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DERIVATIVES OF DIELECTRIC SUSCEPTIBILITY
1. Theory of non-resonant Raman scattering

⌅Derivative of the electric susceptiblity

d�ij

d⌧�
=

@�ij

@⌧�
+
X

k

@�ij

@Ek

@Ek

@⌧�
�ij(E) = �(1)

ij +
X

k

�(2)
ijk Ek + O(E2)

For transverse optical modes (TO) :

↵mTO
ij =

p
⌦0
X

,�

@�(1)
ij

@⌧�
um(�)

For longitudinal optical modes (LO) :

↵mLO
ij =

p
⌦0
X

,�

 
@�(1)

ij

@⌧�
� 8⇡

⌦0

X

k

�(2)
ijk

X

l

✏�1
kl Z ⇤

�,l

!
um(�)

✏�1
ij : inverse of the dielectric tensor ( ✏ij = 4⇡�(1)

ij � 1 )
Z ⇤
�,l : Born effective charges tensor
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WHAT DO WE NEED?

§ We need the  derivatives of the total energy E with respect to:

1. Theory of non-resonant Raman scattering
⌅Macroscopic properties from total energy derivatives

Notation :

X (�1) ⌘ dX
d�1

����
�1=0

X (�1�2) ⌘ d2X
d�1d�2

����
�1=�2=0

. . .

Here we consider derivatives of the total energy E with respect to :

⌧↵ : atomic displacement (q = 0)

Ei : uniform electric field

2 derivatives :

E (⌧↵⌧0�) = C↵,0� ) D↵,0�(q = 0) ) {!m, um(,�)}

E (EiEj ) = �⌦0�
(1)
ij E (⌧�Ei ) = �Z ⇤

�,i

3 derivatives :

E (⌧�EiEj ) = �⌦0
@�(1)

ij

@⌧�
E (EiEjEk ) = �2⌦0�

(2)
ijk
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PEAD APPROACH

§ The PEAD (Perturbation Expansion After Discretization) approach:

Gives access to 3rd order derivatives of energy

Is a mixing of DFPT and “Berry phase” formalism

Was implemented in ABINIT since 2005 (only for NC pseudopotentials)

Uses a discretized version of ∇k

Doesn’t need 2nd order derivatives of wave functions: 

§ Alternate solution : get rid of the Berry phase formalism, need of 3rd

derivatives of E in a “full DFPT” way.

See  Ph. Ghosez’s talk…

2. Implementation of 3 order DFPT in ABINIT
⌅2n + 1 theorem with electric field perturbations

From the 2n + 1 theorem, to compute 3 derivatives of the energy
requires only ground state wave functions | (0)

nk i and its first
derivatives : | (⌧�)

nk i | (Ei )
nk i

) They are obtained solving 1 order Sternheimer equations.

However, the electric field perturbation brings a difficulty :

V (E) = E .r = E .“ irk ”

For 2 derivatives of E, one also needs : | (ki )
nk i

and for 3 derivatives : | (kiEj )
nk i , | (ki kj )

nk i

) We need to solve two 2 order Sternheimer equations !

Note : in PEAD, rk is discretized ) no need of | (kiEj )
nk i, | (ki kj )

nk i
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THE « FULL DFPT » APPROACH FOR 3RD ORDER ENERGY
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THE « FULL DFPT » APPROACH FOR 3RD ORDER ENERGY

2n + 1 theorem : E(⌧�EiEj ) depends only on ground-state ( (0)
nk

) and first-order WFs ( 
(⌧� )

nk
, 

(Ei )
nk

, 
(Ej )
nk

).

) They are obtained solving 1st order Sternheimer equations.

The electric field perturbation brings a difficulty : V (E) = E.r = E.“ irk ”.

In the expression of E(⌧�EiEj ) :

h 
(⌧� )

nk
|H(Ei )| 

(Ej )
nk

i = ih 
(⌧� )

nk
| 

(kiEj )
nk

i + . . .

) We need to solve a 2nd order Sternheimer equation.

Note: Previous ABINIT implementation (Veithen et al PRB 71, 125107 (2005)) uses a formalism (“PEAD”) where “ rk ” is kind of
discretised : no need of 2nd derivatives.
However, difficult to adapt to PAW, decreases the convergence with respect to the k point grid.

The Sternheimer equations have the form Ax = b where A† = A ) Solved with a conjugate gradient algorithm.

1st order :
⇣

Pc
⌘† ⇣

H(0)
� ✏nS

(0)
⌘

Pc
| 

(�1)
n i = �

⇣
Pc

⌘† ⇣
H(�1) � ✏nS

(�1)
⌘
| 

(0)
n i

2nd order :
⇣

Pc
⌘† ⇣

H(0)
� ✏nS

(0)
⌘

Pc
| 

(�1�2)
n i = �

⇣
Pc

⌘† ⇣
H(�1�2) � ✏nS

(�1�2)
⌘
| 

(0)
n i

�

⇣
Pc

⌘† ⇣
H(�1) � ✏nS

(�1)
⌘
| 

(�2)
n i �

⇣
Pc

⌘† ⇣
H(�2) � ✏nS

(�2)
⌘
| 

(�1)
n i

+
occX

m
⇤
(�1)
mn

⇣
Pc

⌘†
✓
S
(�2)| 

(0)
m i + S

(0)
| 

(�2)
m i

◆
+

occX

m
⇤
(�2)
mn

⇣
Pc

⌘†
✓
S
(�1)| 

(0)
m i + S

(0)
| 

(�1)
m i

◆
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§ The Sternheimer equations have the form Ax = B where A† = A
⇒ Solved with a conjugate gradient algorithm.
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THE « FULL DFPT » APPROACH FOR 3RD ORDER ENERGY

3rd order energy expression2. Implementation of 3 order DFPT in ABINIT
⌅Expression of third derivatives

Now we have to implement third order derivative of E , for both norm conserving and PAW pseudo potentials.

For two electric fields and one atomic displacement (�1�2�3) = (⌧�EiEj ) :

Ẽ(�1�2�3) =
X

k2B

X

n

✓
h (�1)

nk |H(�2) � ✏
(0)
nk S(�2)| (�3)

nk i + h (0)
nk |H(�1�2)| (�3)

nk i + h (�1)
nk |H(�2�3)| (0)

nk i
◆

�
X

k2B

X

n,m
⇤
(�1)
nmk

✓
h (�2)

nk |S(0)| (�3)
mk i + h (�2)

nk |S(�3)| (0)
mki + h (0)

nk |S(�2)| (�3)
mk i

◆

+
1

6

Z
dr E000[r, ñ(0)]ñ(�1)(r)ñ(�2)(r)ñ(�3)(r)

+
1

6

X

a

Z

⌦a
dr

✓
E000[r, n(0)a ]n

(�1)
a (r)n(�2)

a (r)n
(�3)
a (r) � E000[r, ñ(0)a ]ñ

(�1)
a (r)ñ(�2)

a (r)ñ
(�3)
a (r)

◆

+
1

2

Z
dr E00 [r, ñ(0)]ñ(�1)(r)ñ(�2�3)(r)

+
1

2

X

a

Z

⌦a
dr

✓
E00 [r, n(0)a ]n

(�1)
a (r)n

(�2�3)
a (r) � E00 [r, ñ(0)a ]ñ

(�1)
a (r)ñ

(�2�3)
a (r)

◆

There are a lot of terms to implement, but only few terms need new routines or modifications of existing ones.

E(�1�2�3) = 1
6

⇣
Ẽ(�1�2�3) + Ẽ(�1�3�2) + Ẽ(�2�1�3) + Ẽ(�2�3�1) + Ẽ(�3�1�2) + Ẽ(�3�2�1)

⌘
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HOW TO PROCEED WITH ABINIT

Using PEAD approach
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HOW TO PROCEED WITH ABINIT

Using DFPT approach

2. Implementation of 3 order DFPT in ABINIT
⌅Work flow for computing third derivatives

New "full DFPT" implementation :

Dataset 1 : ground state
)  (0)

nk , ✏(0)nk , n(0)(r) , . . .
Dataset 2 : 1st order Sternheimer (and 2de derivatives of E)
rfddk = 1, rfphon = 1, rfelfd = 1
)  (ki )

nk ,  (⌧�)
nk ,  (Ei )

nk

Dataset 3 : 2nd order Sternheimer
rf2_dkdk = 1
)  

(ki kj )
nk

Dataset 4 : 2nd order Sternheimer
rf2_dkde = 1
)  

(ki Ej )
nk

Dataset 5 : 3rd derivatives of E
optdriver=5, usepead=0 (default : 1)
d3e_pert1_phon=1, d3e_pert1_elfd=1
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New in 2018Available in ABINIT v8.10.3
Mandatory for PAW
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TEST SYSTEM: AlAs

PAW ⤑

2. Implementation of 3 order DFPT in ABINIT
⌅Comparison of 3 derivatives of E

System : AlAs
Due to symmetries : only 1 degree of liberty in the tensors

�(2)
xyz

@�(1)
xy

@⌧Al,z

# of k-points # of k-points
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System : AlAs – Due to symmetries : only 1 degree of liberty in the third derivative tensor :

axyz (Al) = �E(⌧Al,xEy Ez )

Nk : number of k-points in the Brillouin zone

DFPT : current work
PEAD : previous ABINIT implementation
FDM : Finite Difference Method :

E
(⌧Al,x Ey Ez )
FDM ⌘

E
(Ey Ez )
Al=+�x � E

(Ey Ez )
Al=��x

2�x

Upper frames : norm conserving results
Lower frames : PAW results

Right-handed frames : |X � Xconv|
where Xconv is the value corresponding to
Nk ⇡ 180000

Black lines : |XDFPT � XFDM|
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NCPP ⤑

Relative error
⇣

3rd derivative
⇣

a-quartz
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HOWTO GET RAMAN SPECTRA?

(I) : ABINIT : compute DDB: E
(⌧↵⌧0� )

(q = 0), E(⌧�EiEj )

(II) : MRGDDB + ANADDB : diagonalize the dynamical matrix, and compute the Raman tensor ↵m for every phonon mode m:

↵m
ij (q = 0) = �

1p
⌦0

P
,� E(⌧�EiEj )um,q=0(�)

(III) : RAMAN_SPEC.PY : compute Raman intensities (from the Raman tensor)

Parameters depending on experimental setup : laser frequency (!0) and polarization (eI , eS ), temperature (T )

Im =
~

2!m
(nm + 1)

(!0 � !m)
4

c4 |eS.↵
m.eI |

2 nm =
1

e~!m/kBT � 1

Can also compute the intensity of a powder.

NOTE : We are interested in relative intensities only : Im are normalized (highest value = 1)
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Transverse optical modes



ABINIT School 2019 – Sept. 2-6, 2019Commissariat à l’énergie atomique et aux énergies alternatives

HOWTO GET RAMAN SPECTRA?

Longitudinal optical modes
Taking into account LO modes:

(I) : ABINIT : compute DDB: E
(⌧↵⌧0� )

(q = 0), E(⌧�EiEj ) , E(EiEj ) , E(⌧�Ei ) , E(EiEjEk )

(II) : MRGDDB + ANADDB : diagonalize the dynamical matrix, and compute the Raman tensor ↵m for every phonon mode m:

TO : ↵m
ij (q = 0) = �

1p
⌦0

P
,� E(⌧�EiEj )um,q=0(�)

For different q directions:

LO : ↵m
ij (q ! 0) = �

1p
⌦0

P
,� E(⌧�EiEj )um,q!0(�) +

P
,�

4⇡
⌦2

0

⇣P
k E(EiEjEk )qk

⌘ P
k Z⇤

�,k qkP
k,l ✏kl qk ql

um,q!0(�)

(III) : RAMAN_SPEC.PY : compute Raman intensities (from the Raman tensor)

Parameters depending on experimental setup : laser frequency (!0) and polarization (eI , eS ), temperature (T )

Im =
~

2!m
(nm + 1)

(!0 � !m)
4

c4 |eS.↵
m.eI |

2 nm =
1

e~!m/kBT � 1

WARNING : For LO modes, Ipowder cannot be obtained directly from RAMAN_SPEC.PY : numerical integration on q directions
is needed!
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HOWTO GET RAMAN SPECTRA?

I(!) ⇡

activeX

m

Im
⇡

�m

(! � !m)2 + �2
m

Blue line (offset=0.4): theoretical spectrum - PAW+LDA ( �m = 4 cm�1 )

Grey dots (offset=0.2) : experimental spectrum (Handbook of Minerals Raman Spectra)

Black dots (no offset) : experimental spectrum (RRUFF project)

Red line : Fit of RRUFF data

PAW+LDA Fit of RRUFF
! I/Iref ! I/Iref �

148 0.214 127 0.089 4.1
222 0.875 206 0.521 11.1
263 0.033
344 0.052 354 0.040 3.5
378 0.027 393 0.021 3.0
438 0.019
450 1.000 464 1.000 5.2
675 0.018 695 0.010 4.4
773 0.019 807 0.014 8.6
1031 0.009
1045 0.006
1119 0.015 1162 0.028 4.8
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a-quartz
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LiCoO2 – Using DFT+U
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WHAT IS AVAILABLE IN ABINIT?

§ PEAD approach
Norm-conserving pseudopotentials
LDA exchange correlation only
No spins

Is a mixing of DFPT and “Berry phase” formalism

§ Full DFPT approach
Norm-conserving pseudopotentials
and Projector Augmented-Wave
LDA exchange correlation only
Need “pawxcdev=0” keyword (no accelerated XC)
Spins, but no spinors
DFT+U (electronic correlations)
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CONCLUSION

§ “Full DFPT” approach is an alternative to PEAD approach 
to apply non-linear response formalism.

§ It is available for both NCPP and PAW formalisms.

§ It needs more computational steps.

§ It converges better with respect to the k-point grid.
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